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Abstract 

We prove a central limit theorem for the momentum distribution of a particle under- 
going an unbiased spatially periodic random forcing at exponentially distributed times 
without friction. The start is a linear Boltzmann equation for the phase space density, 
where the average energy of the particle grows linearly in time. Rescaling time, the mo- 
mentum converges to a Brownian motion, and the position is its time-integral showing 
super diffusive scaling with time r 3 / 2 . The analysis has two parts: (1) to show that the 
particle spends most of its time at high energy, where the spatial environment is practi- 
cally invisible; (2) to treat the low energy incursions where the motion is dominated by 
the deterministic force, with potential drift but where symmetry arguments cancel the 
ballistic behavior. 

1 Introduction 

Recent times show a renewed great interest in obtaining diffusive behavior from microscopically 
defined dynamics. The motivation is much older, to derive, as Fourier, Navier or Boltzmann first 
did in their ways and times, irreversible and dissipative behavior starting from the reversible 
microscopic laws. The limiting behavior is often associated to a conserved quantity like energy 
in classical mechanics and the challenge is then to express the (energy) current in terms of 
gradients of the (energy) density itself. Obviously, for the sharpness of the limit, some scaling 
must be done, combined with typicality arguments on the level of the initial or boundary con- 
ditions. For example, more recently the search for a rigorous derivation of Fourier's law of heat 
conduction was relaunched in [2] and many attempts and models have been taken up after that. 



More modestly one starts half-way with an effective description on the level of single-particle 
dynamics. The one particle phase space density then really refers to a cloud of weakly interact- 
ing particles brought in contact with some environment, and the conserved quantity is simply 
the number of particles. In the present paper we study the diffusive scaling limit of a massive 
particle in a one-dimensional periodic potential to which we add random forcing. The latter is 
not derived from first principles, but has various physical motivations. Heuristically, the forc- 
ing corresponds to the random collisions with an effectively infinite temperature granular bath. 
The granular structure is in the discrete kicks the particle undergoes at random exponentially 
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distributed times. Depending on its present position, the distribution of the momentum kicks 
differs. Together with the potential that specifies the spatial inhomogeneity and makes the 
problem nontrivial. 

The spatial heterogeneity brings us to a second motivation of the present work: the study 
of active particles where flights of ballistic motion are interrupted by spatially depending re- 
orientations, or the statistical characterization of particle trajectories in active heterogeneous 
fluids, see e.g. [15] . Our present work adds a rigorous result establishing under what conditions 
diffusive behavior for the momentum and superdiffusive behavior for the position get realized. 

Finally, the present contribution fits in the long tradition of proofs of the central limit 
theorem (invariance principle, and its modifications) for additive functionals, position as the 
integral of the momenta and momenta as the integral of the forces. Much of all that for stud- 
ies of interacting particle systems started from the pioneering work in [12]. In the spirit of 
the present work the papers [H [5] added very important symmetry considerations, making it 
possible to apply the work to strongly dependent variables. The fact that these arguments 
avoided the use of mixing assumptions or strong enough decay of time-correlations appears like 
an important lesson for today's pursuit of diffusive behavior mentioned at the very beginning 
of this introduction. Indeed, one often emphasizes that strong enough chaoticity assumptions 
are needed in the mathematical control of the transition from the microscopic reversible laws 
to macroscopic irreversible behavior. One then refers for example to the problem of obtaining 
regular transport properties via well-controlled Green-Kubo expressions where some temporal 
decay certainly seems necessary. These Green-Kubo relations are however needed only for very 
special observables, and not for all possible even microscopically defined quantities. It is there- 
fore very welcome if symmetry considerations can help to establish diffusive behavior for certain 
classes of functionals that share symmetry properties with the relevant observables of statistical 
mechanics. The present paper is not starting from the microscopic classical mechanical world, 
but it does deal with the problem of exploiting symmetry to cancel ballistic behavior. 
Other more recent work on the central limit theorem that shares important ambitions with the 
present study includes [TOj [HI [TJ [6]. For the study of fluctuations in Markov processes with an 
overview of central limit results, we refer to the recent book [13J. 

The next section introduces the model, the results and the main strategy of the proof. The 
momentum variable is not autonomous since it is coupled to the position of the particle. Its 
changes come from two sources, the momentum jumps by the external Poisson noise and the 
acceleration due to the presence of the potential. That is translated in the structure of the 
argument. The idea is to obtain a martingale central limit theorem for the momentum jumps 
while the effect of the potential should vanish in the long time limit. Section [3] establishes that, 
most of the time, the particle's energy grows linearly with time. That is sufficient to show in 
Section H] that the absolute value of the momentum process converges in distribution to the 
absolute value of a Brownian motion. Next, in Section [5j follow the estimates characterizing 
the motion at high energy, where the (bounded) potential has very little effect. The low energy 
motion is discussed under section EJ There the drift due to the potential gets controlled by 
symmetry arguments. The combination of high and low energy estimates yields the main result 
of Section [7J 
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2 Main result 



2.1 Informal description 

Consider a one-dimensional classical particle whose position and momentum (X t , K t ) evolve 
deterministically with Hamiltonian H (x, k) = \k 2 + V(x) for some bounded periodic potential 
< V(x) < V except at Poisson times at which the particle may receive a momentum kick from 
the environment. That is, independent of its current momentum k and at the rate j x (v) when 
its current position is x the particle receives a momentum jump v. On the level of the phase 
space densities, the dynamics we consider is then governed by the linear Boltzmann equation 

jP t {x, k) = -k -*(x, k) + —(x)—±(x, k)+ dv Jx (v) (P t (x, k-v) — P t (x, k)) (2.1) 

for the phase space probability density Pt(x, k) G L 1 (IR 2 ) for the particle at each time t > 0. The 
rates j x have the same periodicity as the potential V. It is however probabilistically simpler 
to imagine a universal Poisson clock having rate 1Z > 0, such that when the alarm rings, a 
(biased) coin is tossed to decide whether or not a momentum kick will occur. The probability 
of the coin and the distribution of the momentum jump v are respectively < k(o) < 1 and 
V a (v), where a = X t modl is the position (modulo the period 1 of the potential V) at the 
Poisson time t. We assume that the momentum jumps are symmetric V a (—v) = V a {v) and 
that there is a uniform lower bound for the coin probabilities < v < K>(a). Then, in f)2.ip . 
j x (v) =Kk(x)T x (v). 

Our main result is to show, under certain technical conditions, that the normalized vari- 
ables (t~2X st ,t~2K st ), s > approach the process (| s (lrB r ,B s ) in distribution where B s is 
Brownian motion whose diffusion constant a depends on the spatial average of the periodic 
noise a = f da J R dvj a (v)v 2 . 

There is clearly no energy relaxation in ( 12. ip . since, no matter where you start, the time- 
derivative of the expected energy satisfies 

j^[Et] = dxdk(!j + V{x))Pt(x,k) = l -J^dxdk{Jjv ]x {v)v 2 )P t {x,k) (2.2) 

and thus the mean energy grows linearly as 

E[E ] + I inf / dvjaiy) v 2 < E[E t ] < E[E ] + £ sup / dvj a ( 

2ae[0,l]J R *ae[0,i\JM 



IV) v 2 . 



Moreover, as we will show, by time t not only the average but also the typical energy is 
of order t. Since the potential V(x) is bounded, the absolute value of the momentum is then 
|fc| oc . As a consequence of having high momentum, the particle will pass through one period 
of the potential (periodic cell) much faster than the time scale of the Poisson clock governing the 
noise. The particle then effectively "feels" a spatial average of the noise in which the averaged 
distribution of a jump P(v) and the averaged Poisson rate are TZ 

~ f„ da K(a)VJv) ~ f 1 , , 

P(v) = Jo 1 y J K J and K = K dan(a) 
J da n(a) Jo 
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Moreover, at very high momentum, the force field by the potential can only displace the mo- 
mentum by relatively negligible values. The effective dynamics at high energy is thus 

a ftp r 

-P t (x,k) = -k-±(x,k)+K / dvP(v)(P t (x,k-v)-P t (x,k)) (2.3) 
at dx J R 

This dynamics is translation invariant and so the momentum process has now become a Markov 
process. Showing that {t~^X st , t~^K st ) converges to (f^ dr~B r , B s ) is then straightforward. 

Another way of expressing this result on the level of single-time marginals is to consider the 
rescaled density t 2 Pt(t 3 ^ 2 x, t 1 ^ 2 k) at time t. Its limit t y oo is Gaussian Poo(x, k), 

P 00 (x,k) = e ° ( 2 > 2 ° 

7T (J 

and cr = J dx J R dv j x (v) v 2 . The coupling between position x and momentum k results from 
the correlation between the Brownian motion (for the momentum) and its time-integral (for 
the position). 



2.2 Strategy of proof 

The process (X t , K t ) is Markovian over the set of right-continuous paths (having left limits) 
from t e M + to M 2 , bounded over finite time intervals. Since the position variable is an integral 
of the momentum, the proof that {t~^X st) t~^K st ) converges to (J* dr B r , B s ) for a Brownian 
motion B s is implied by showing that the momentum component converges to a Brownian 
motion. The momentum process can be written as 

r st Ay 

K st = K + M st + dr—(X r ) (2.4) 
Jq ax 

where M t is the martingale of jumps, M t = v s over the jump times < s < t in the Poisson 
process at rate 1Z and v s is the actual momentum kick. On the other hand, L dr ^(X r ) is the 
net drift due to the conservative force up to time t. 

The analysis splits into two semi-independent parts corresponding to the two last terms in 
f)2.4p . First we show that the momentum jump part t~?M st converges to a Brownian motion. 
That requires establishing a martingale central limit theorem. Because of the inhomogeneity 
in the momentum jumps we need to prove that there is asymptotic regularity in the variances 
of the momentum jumps (quadratic variation process). That is realized because the particle 
spends most of its time at high energy where translation invariance is recovered. We call that 
the high energy analysis. 

Secondly, for the low energy analysis we show that the drift process t~2 dr ^(X r ) makes a 
vanishing contribution for large times; in other words the variance of the time integral of the 
drift converges to zero. Indeed note again that the final process, obtained after scaling, does 
not depend on the potential V. The super diffusion of the position makes the position process 
almost deterministic and the random kicks become rare compared to the fast movement of the 
particle. Mathematically, in section 6 we use that periods of low energy are well separated by 
times of high energy. There is therefore some independence between the low energy incursions. 
Moreover symmetry arguments constrain the gained momentum in each such incursion to have 
zero expectation. 
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2.3 Main theorem 

Our main mathematical result is a central limit theorem for the momentum process. We give 
here the precise statement. 

Assumptions List 2.1. 

/. There exists < r\ such that for all a G [0, 1], ri < J R dv j a (v)v 2 . 
II. There is p > siic/j t/iat /or all a G [0, 1], J R dvV a {v) t> 4 < p. 
///. 3a (v)=j a (-v) 

IV. V > V(x) > is bounded and has a bounded derivative. 

The fist three assumptions are on the rate of momentum jumps. They should be symmet- 
ric, allow spreading but still have a fourth momentum. For the Hamiltonian part, both the 
potential and the force is bounded. The assumptions of List 12. II are designed to be the minimal 
assumptions for Section [31 and most results from later sections require both List 12.11 and some 
of the assumptions from List 12.21 

Assumptions List 2.2. 

i. There exists C and rj > such that for all a G [0, 1] and i),wel with \v\ — \w\ > 

V a {w) < Ce-^ vHwl) V a {v). 

ii. There exists a p such that for all a G [0, 1], 



sup 

veR 



_ i dV 
{V a {v)Y\l + \v\)- 1 sup -T» 
|tu-t>|<i av 



< 



Hi. There exists a reflection R on the torus such that V(R(x)) = V(x) and jR( a )(v) = j a ( v ) f or 
a G [0, 1] and v G R. 

Condition (i) implies that the Laplace transform of V a is finite in a neighborhood around 
zero and thus that the fourth moment as in (i7) and all other moments are finite. 
In later sections, r±, T2, v will be defined as 



r\ — inf / dvj a (v)v 2 , r 2 = sup / dvj a (v)v 2 , v= inf K a . 

ae[Q,l]7K ae[0,l]jR ae[0,l] 

Since j a (v) = IZn a V a (v), the condition (/) and (//) with Jensen's inequality imply that < 
r{Rr x p~^ < v. Also by (i7) and Jensen's inequality, r 2 < Hp? < oo. 

(///) and (iii) are the symmetries that we assume for the dynamics. says that for 

every point a G [0, 1] in the periodic cell, the rate of kicks by a momentum v occurs with the 
same rate as kicks by a momentum —v. (iv) specifies that in addition to the periodicity of the 
dynamics, there is also a spatial reflection symmetry. The combination of these symmetries 
forms a "momentum time-reversal symmetry" which is used in Section 16.21 
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(ii) is a technical assumption so that the values of the derivative |^f-(^)| f° r w ' n a neigh- 
borhood around v cannot be to large compared to the value V a (v). The constraint becomes 
more flexible at large \v\, where the ratio is allowed to increase as \v\. This condition effectively 
forbids densities with tails that vanish faster than a Gaussian density G(v) in which 



I f 00 

G(v) 



oc \v\ 



The support of V a (v) for each a cannot be finite for instance. Avoiding this decay of V(v) as 
\v\ — > oo is not essential to the analysis, but generalizing the condition (ii) (for instance by 
replacing (1 + |i>|) by (1 + \v |) m ) requires making other conditions more complicated. 

Theorem 2.3 (Main result). Assume List \2.1\ List \2.2\ and that the initial joint phase space 
distribution Pq(x, k) e L X (R 2 ) has finite second moments. In the limitt — > oo, (t~2X st ,t~2K st ) 
converges in distribution to (J Q S dr B r , B s ) where B s is Brownian motion with diffusion constant 
a = Jq 1 da J R dvjaiv) v 2 . 



3 A martingale central limit theorem 

In this section, we prove that the typical energy for the particle is on the order of t. That 
implies a regularity in the momentum process, at least concerning its absolute value and for 
the quadratic variation of the momentum jumps. The net result is a martingale central limit 
theorem for the martingale part in (12 ,4p . Note that we always assume the natural filtration ~F t 
specifying the Markov process up to time t. 

Theorem 3.1. Assume List \2.1\ and (i)-(ii) of List HTH and that the initial joint distribution 
Po(x, k) has finite second moments. Then t~^M st converges in distribution to a Brownian 
motion B s with diffusion constant a. 

The proof follows in Section [7J It will be built on the lemma's below and in the next section. 

The following lemma relies on a martingale central limit theorem [7J and on having some 
bounds for the time-change of that central limit theorem. The result applies to more general 
class of martingales, but we develop it here to the martingale process 

Aft 

Ml = J2vnS(K t -J, 

n=l 

where t n are the Poisson time for the underlying Poisson clock Af t with rate 71, S(K t -) is the 
left limit up to time t for the sign of the momentum, and w n = M tn — M t - . Note that w n is 
zero if at the Poisson time t n there is no momentum jump, and it is equal to the momentum 
jump if it does happen. 

Lemma 3.2. For = dr x{\t~^M' rt \ > e), there exists a C > such that for all e, 5 > 

i 

2 

liminf Pr[T (t) > 1 - 5} > 1 - C^-. 

t^oo J no 

The same result remains true with \t~^M' st \ replaced by t~%M' 8t — vn.{o< u < s t~^M' ut . 
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Proof. We start from the lower bound: 



Pr [T e (i) < 1 - S] = 1 - Pr [ I dr x(t~^\M' st \ < e) >S 

>i-iE[jf d8x(|r^ t |<e)]=i-ijf dsPr[|r^ t |< e ] (3.1; 



Define £?«^ = t zM' T t , where r M is the hitting time 

r u = inf|s>0 ^(M')st >u 

and (M')t is the predictable quadratic variation of M' up to time t. In our situation, (M') t has 
the form t 

(M') t = f dr f dvj Xr (v)v 2 . 



By the martingale central limit theorem, Bu converges to a Brownian motion in the uniform 
metric. The Lindberg condition is guaranteed by the boundedness of the fourth moment of 
single momentum jumps in (II) of List 12. II and the fact that the jump times occur according to 
a Poisson clock (having rate TV). 

We also have t~^M' st = B®, where R s = ^(M') st , since t u and R s are inverses of one 
another. By (II) of List 12.11 and the discussion following it, j R dv j a (v ) v 2 ranges between the 
values < r\ < r 2 for a G [0,1]. It follows that, 

u — < t u < u and s < R s < s — . (3-2) 
r 2 n 



By ( 13.21) . R s has the range s < R s < p-s, and thus 

1 1 — 

/ ds X {\t^M' st \<e)= [ ds X {\B { l]\<e)< [ ri du X {\B^\<e). 
Jo Jo Jo 

Taking the expectation of the right-hand side and using the fact that Bg approaches a 
Brownian motion, we have that 



E[ [ ri du X (\B®\ < e)] = [ n duPv[\B®\ < e] — > f dx 

J0 J0 Jo J-e 



y/2nris 



1 

By a change of variables, the right side is bounded by a constant multiple of e rT/Vg . With (13. lj) 
this proves the result. 

To generalize the result to ifi = t~^M' st — info< a <s t~^M' at , we make the same time-change 
r, to define a process Z« = . Since -B„^ = t~^M' Tu converges to a Brownian motion, it will 
follow that Z^p converges to the absolute value of a Brownian motion. Indeed, the function 
/ : L°°([0, 1]) — > L°°([0, 1]) defined by f(x s ) = x s + sup 0<r<s — x r (read the supremum as an 
essential supremum) satisfies ||/(x s ) — f(y s )\\ 00 < 2||x s — y s \\oo- Thus the convergence of B® 
to a Brownian motion B n implies that f(B u ) converges in distribution to /(B u ). However, 
by the basic result for Brownina motion [11], /(B u ) is equal in distribution to |B„|. Thus we 
can apply the same reasoning as above to get the result. 

□ 
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The lemma below will be used in the proof of Lemma 13.41 Its proof follows from basic 
calculus but requires consideration of several cases. 

Lemma 3.3. For V = sup x( z R V(x) < oo, there exists a c > such that 



2^wS(k) - \(hk + w\ 2 + V) 1 * - (l\k-w\ 2 + V)' 



<2w 2 l 



\w\>J 



+ cJ 



Uk + w\ 2 + V)> + (-\k 



L v 2 



w 



2 + vf> -2{\k 2 + vy 



(3.3) 



for all k, w e R, < V < V, and J > V a 
Proof. When V = 0, we use the identity 



\S(k)w — -(\k + w\ 



| k — w |) | = - (jk + w\ + \k 



w 



2\k\). 



Hence, for c = 2, 



\2^S(k)w -2-^(\k + w\ - \k-w\)\ 2 < 2v 2 x(\w\ > J) + ^ (| k + w\ + \k - w\ -2\k\), (3.4) 



since \S(k)w — + w\ — \k — | < 
When V ^ 0, we define 



w\ 



M(w,k) = 2wS(k)- (\k + w\ 2 + l)* + (\k-w\ 2 + l)* 
N{w,k) = (\k + w\ 2 + l)* + (|ife- w\ 2 + 1)5 -2(A; 2 + l)* 

We can divide the inequality (13. 3p by V, and let 2~^y~^ — )■ fc, 2~^V~^w — >■ t> ; and JF - ^ — >■ J 
so that the inequality we must show is 



\M(w,k)\ 2 < 4w 2 l H>J + cJ N(w,k) 



(3.5) 



for some c. For |iu| > J the inequality is trivial, since the M(w,k) is smaller than 2|u>|. 
Hence we can take J = \w\ V 1. If we show that there is such a d such that (13. 5p holds for 
(w, k) e M 2 — D for the compact domain D = ([—L, —L^ 1 ] U [L~ l , L]) x [— L, L] for some L > 1, 
then, since M(w, k) is bounded inside D and iV(u>, k) is bounded away from zero inside of D, 
it follows that there exits a c verifying ( 13. 5 p for all (w, k) C M 2 . The proof that there exits such 
a c' for all (w, k) el 2 — D for some L 3> 1 is partitioned into the following main cases 

1. M < i, 

2. \w\ ^> 1 and \k\ > \w\ + \w\^, 

3. \w\ 1 and \k + w\ < \w\% or \k — w\ < \w\?, 

4. \w\ 1 and \k\ < |iu|a. 

We go through each case and we show that \M(w, k)\ 2 is smaller than some constant multiple 
of (H V l)N(w,k). 
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Case (1): The origin can only be between k — w and k + w when \k\ < \w\ <C 1, in which case 
\M(w, k)\ 2 < w 2 < 2w 2 = 4[-(Jfe + w) 2 + Uk - wf - k 2 ] « 4JV(w, jfe). 

i 

When the origin is not between k — w and + u> then by Taylor's formula for (\k + w\ 2 + l) 2 
up to first order and using that + a has the same sign as k for |a| < \w\, 

, s r \k + a\ - (\k + a\ 2 + 
M(w,k) = S(k) da 1 - 1 ^ L-j — (3.6) 



(\k + a\* + iy 

Using Taylor's formula to second order, 

^\w\ 

-M (|fc + a| 2 + l) 



\(,r.k)=j da—^ ^- T . (3.7) 



for all w and k. From these formulas we can take upper and lower bounds for \M(w, k)\ 2 and 
N(w, k) respectively: 



\k\ - \w\ - {{\k\ - |w|) 2 + 1) : 



|2 



\M{w,k)\ < M — ,,, , ' 2 L — ^ H 

— \w\y + i 



1 A (\k 


1 - \M)~ 2 


(1*1- 


\w\) 2 + l 



N(w,k) > ^\w\ 2 ' 



3 ' 
2 



((|£;| + M) 2 + 1) : 

where we have used the monotonicity of the functions involved, and the second inequality for 
\M(w, k)\ 2 includes the inequality 

||a| - (a 2 + 1)^| < 1 A \a\~ l . (3.8) 

For large \k\, \M(w, k)\ 2 has order \k\~ A and N(w,k) has order \k\~ 3 . Thus we can find a 
constant d so that ( 13. 5 \ holds for all (w, k) with \w\ < L^ 1 for some L > 1. 

Case (2): When \k\ > \w\ + \w\*, then we can apply f 13 . 6 1) . ( 13. 7p . and the same estimates as 
above to show that the asymptotics for \M(w, k)\ 2 has lower order than |u| N(v, k). 

Case (3): It is convenient to follow the pattern in H3.4[) and write M(w, k) as M = Mi + M 2 , 
where 

Mi(w, k) = 2 v s(k) + \k + w\ — \k — w\ 

M 2 (w,k) = (\k + w\ 2 + l)^ - \k + w\ - (\k-w\ 2 + l)^ + \k - w\. 

Notice that Mi(w,k) will only be non-zero when \k\ < \w\, and that it can be written as 
Mx(w, k) = 2S(k)S(w)(\w\ - |A;|)x(|H > \k\). Applying the inequality \x + y\ 2 <2x 2 + 2y 2 : 

\M(w,k)\ 2 <2M 2 (w,k) + 2M 2 (w,k). (3.9) 

We start by bounding M%, since it will be used for the M 2 term. For \w\ ^> 1 we claim that 

(\w\-\k\) X (\w\>\k\)<N(w,k), (3.10) 
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which implies a bound for Mi, since 

M l = 4(M - |A;|) 2 x(M > \k\) < A\w\(\w\ - \k\) X (\w\ > \k\) < 4\w\M 2 (w,k). 

The expression — > \k\) has its maximum at k = and decreases linearly to zero 

at \k\ = \w\. At k = 0, (\w\ - \k\)x(\w\ > \k\) = \w\ < 2\w\ « N(0,k). However, N(w,k) 
decreases at a slightly less than linear rate and N(w, w) ~ 1. 

For the M|(ty, k) term, we will finally use the case condition that either \k + w\ < \w\z or 
— w| < |iw|a. Without loss of generality, let it be that — w| < |iu|a. Then + 3> 1 and 

so by (J3J| |(|A; + w| 2 + l) 2 - \k + w\ | ~ | A: -h 1 ~ 1 . Thus 

((|A; + u;| 2 + 1)2 _ |jfe + w | _ (|fc — w| 2 + l) ^ + \k-w\y 

= [(\k-w\ 2 + l)^ -\k-w\] 2 + Odw]- 1 ), (3.11) 

which is 0(1). On the other hand, 

\w\N(w,k) « \w\ [(|A; - w| 2 + 1)^ + \k + w\ - \k\ + O^T 1 )] = 0(|^| 2 ), 
since (\k — w\ 2 + 1)^ = 2). Thus \w\ N(w, k) has higher order than (13. lip . 



Case (4): Notice that 



M 2 {w,k) 



da 



k + a — S(k + a) (| k 



1) 



(|fc + a| 2 + l) : 



where we have expanded the term (\k + w\ 2 + l) 2 appearing in M 2 to first order as in case (1) 
and we have written \k + w\ — \k — w\ = f da S(k + a). Now, 



da 



k + a- S(k + a)(\k + a\ 2 + l)' 



(|A; + a| 2 + l)^ 



<2(H-|A;|)+ / dax(\k + a\ > \w\) 



k + a - S(k + a)(\k + a\ 2 + l)- 



(|fc + a| 2 + l) 2 

r\M , 
< 2{\w\ - \k\) + 2 da \a\- 2 = 2(\w\ - \k\) + 0(\w\~*), (3.12) 
J\w\i 

where in the first inequality we have used that the integrand on the left is bounded by 1 over 
the interval a <G [k — 2\w\, k + 2\w\]. The second inequality follows since \k + a\~ 2 bounds the 
integrand, and f'^'i da \a\~ 2 is the smallest that f c da\a\~ 2 can be for a domain S with diameter 

J \w\? 11 

2\w\ and which is bounded away from the origin by |iu|a. Finally, since \w\ — \k\ < \w\ and 
by (EH 



da 



k + a- S(k + a)(\k + a\ 2 + l)' 
(\k + a\ 2 + l)^ 



< \2(\w\ - |jfe|) + 0(\w\-^)\ 2 < 5\w\N(w,k). 
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For k such that \w\ — \k\ w 0, 0(\w\ 2 ) may become the larger term, but it is still smaller than 
N(w, k) which will be ph 1 when \k\ is near \w\. 

□ 

i 

We now apply Lemma 13.21 to attain a similar inequality with \M' S \ replaced by E£ . Our 

i i 

analysis is based on the fact that E 2 = {\K 2 +V(X t )) 2 is a submartingale. The submartingale 

i i 
property of E 2 follows since f(k) = (|& 2 + V) 2 is a convex function. Since the jumps occurs 

with symmetric probabilities V a {y) = V a (—v), we can write E 2 — Eq = M t + A t in terms of a 
martingale part M t and a stochastically increasing part A t as 

1 A r 1 il n 

M, = -£ [{-\K t - +w n \ 2 + V(X tn )) 2 - {-\K t - -w n \ 2 + V{X tn )) 2 \ , (3.13) 

n=l 



1 Nt 1 1 1 1 

A * = 2 E [(2 ^ + Wn|2 + K(X * J ) ^ + (2 " Wn|2 + V(X * J) ^ 

n=l 

-2(i|^-| 2 + y(X t J)^], (3.14) 

where t n , w n for n = 1, . . . , Mt are the Poisson times and their corresponding momentum jumps 

(when they occur), respectively. The processes M t , At form a Doob- Meyer decomposition for 
11 

E 2 — Eq , however A t is not a predictable process so the decomposition is not in the unique 
sense. 



ere 



Lemma 3.4 (Energy Lemma). Assume List \2.1[ Define T^ v = J^dsx(\t ^E 2 t \ > e). Th 
exists a constant C such that 

1 
2 

liminf Pr[T ( t > 1 - S] > 1 - C—%. 

t^oo L e ' v J no 

Proof. Define the martingale M[ and the increasing process A' t as 

Aft 

M' t = J2w n S{K t -) and A' t = sup -M' s , 

~ 0<s<t 
n=l — — 

where S(K t -) is the left limit up to time t for the sign of the momentum. Also define Gs as 
the difference Gs = y/2t~^E st — t~^M' st — t~^A' st . In general, we have that 



Pt[T® > 1 - 5, sup G® < (V2 - l)el < Pr \rfy > 1 - 5} , (3.15) 

0<s<l 



where is defined as in Lemma [3721 for the process t ^M' st +t ^A' st . We will prove below that 
Pr [sup 0<s<1 G^p > (y/2 — l)e] = 0(t~^). In that case, by applying the inclusion-exclusion 
principle to the left side of (I3.15p . then ( 13 . 1 5[) can be written 

Pi[T® > 1 - 5} + 0(H) < Pr [T^ v > 1 - 5] . 
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We can then apply Lemma 13.21 to the left-side to complete the proof. 

Now we work towards establishing Pr [sup 0<s<1 > (V2- l)e] = 0(H). Consider the 
martingale M[ — M t . The square of the jumps of M' t — M t can be bounded by the jumps of A t 
plus an extra term through the inequality from Lemma 13.31 



V2wS{k) - {\\k + w\ 2 + V(x)Y - {^\k-w\ 2 + V(x)) 



< 2v 2 l 



\w\>J 



L v 2 

+ c J 



(h [ k + w\ 2 + V(x))* + (^\k-w\ 2 + V(x)f 2 - ^{\k 2 + V(x))*]. (3.16) 



for all J > 1, k, w, x & M. Define the process Q r = Y^n=i w nX(\ w n\ > 
By (13.161) . the quadratic variation process [M' — M] t has the bound 

[M' -M] t < ct*A t + 2Q r . 

This will allow us to bound E[(Mj! - M t ) 2 ] = E[[M' - M]J. By the fact that A t is the 

ii 

increasing part of the Doob- Meyer decomposition for — Eq and Jensen's inequality we have 
E[Af] = E[E? - El] < [R[E t ])* < (E[E ] + 2 _1 r 2 ^ ~ 2 - *rf ti 

Also we have 

Aft 

E[Q t ] =E[J2w 2 nX(\w n \ >**)] <E[tf t ]pr$=Kpt*, 

n=l 

where we have used that the fourth moments of the jumps are bounded as E[iy£] < p, since 

E[w 2 nX (\w n \ >t*)] <HE[<x(K| >t*)] <Hp. 
Thus, using the above and Doob's maximal inequality 

E[ sup t _1 |A4 - M st | 2 ] < 4t -1 E[(Mt - M t ) 2 ] = 4E[[M' - M]J 
u i 

< 4 cf *E[A t ] + 8t _1 E[Q t ] <4c2 _ *r|H + 8ftpH = 0(H). (3.17) 
Next we show that t~^A st is typically bounded from below by t~^A' st in the sense 

e[ sup |(rj4-rU st )u :t>Ast f] = o(H). 



0<s<l 



We can write y/2t *Eg t as 

V2r*Ejt = r*M' st + v^~s4 + Hm s4 - Hm^ + Ha s4 

where since the left side is positive for all a, we must have 

-t^M' at x (t-^M' at < 0) < {V2t-^El + Hm* - HilC + rU ot ) x(t~^M' at < 0). 

Taking the supremum in a up to s < 1 of both sides, 

r\A st = sup -Hm„ 4 < sup Iv^r^l +t-*M at -t-*M' at \ + HA 



(3.18) 



0<a<i 



0<a<s 
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where we have used that M' Q = for the left side and that A r is increasing for the right side. 
Subtracting t~2 A st and taking E[sup 0<s<1 1 • | 2 ] 2 of both sides 

E[ sup |(rU' st -rU si )i 4(>Asl |^ 

0<s<l 

<V^He|+E[ sup t^lMst- M'J 2 ]^ = 0(r»). (3.19) 

0<s<l 

Observe that G s < implies 

A st ~ Kt <V2E$-0A (M st - M' st ). (3.20) 
Finally, by the triangle inequality, f)3.17p . (I3.19p . and f )3.20p 

E[ sup \Gf\ 2 i G(t)<Q y 

0<s<l 

<f3^4 + E[ sup t~ l \A st - A st \ 2 l (t) <0 ]^+E[ sup r^M^-M^] 2 ]* 

0<s<l a 0<s<l 

<rsV^s|+E[ sup r^|A st -^| 2 U, t>Asi ]^ +2E[ sup - M' st \ 2 ]K (3.21) 

0<s<l ~ 0<s<l 

The right-side is 0(t~»), and via Chebyshev's inequality Pr [sup < s < 1 |Gf | > (V2-l)e] = 
0(t~^), which is the bound that was claimed. 

□ 

In the following lemma, we set L st = M' st + A' st where M' st and A' st are defined as in the 
proof of Lemma 13.41 The Doob- Meyer decompositions in the lemma are not unique, since the 
increasing parts are not constrained to be predictable. 

Lemma 3.5. Consider the submartingales E t and L 2 . 

1. E t admits a Doob-Meyer decomposition as a sum of martingale and increasing parts 

Aft . Aft 

n=l n=l 

2. L\ admits a Doob-Meyer decomposition as a sum of martingale and increasing parts M t = 
Yln=i a ™ an d At = Y^Li 0n respectively, where 



Otn 


= 2w n L tn _ 1 


for 


\L t , 

1 L n — 1 


| > 


\w n \ 


a n 


= l -S{K t -)S{w n ){L tn _ 1 + \w n \) 2 


for 


\L t J 

1 t-n — 1 1 


< 


\w n \, 


Pn 


= Wl 


for 


\Lt J 

1 L n—1 \ 


> 


w, 


Pn 


= wl+o(\ W n\-L tn -i) 2 


for 


\L t A 

\ L n — 1 1 


< 


\w n \. 



3. In the limit t — > oo, 

E[ sup t- l \2A st - A st \] = (9(H). 

0<s<l 
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Proof. 

Part (1): E t can be rewritten as 



M 1 
E t = E + J2^nK t ~ + - 



n=l 



2 WI 



(3.22) 



which follows by an inductive expansion using the conservation of energy between momentum 
jumps: 



Et n = \{K t -+w n f + V{X t - n 



\ K l+nx t -)+wnK t - + l - w i 

1 ~Kl_ i + V(X tn _ l )+w n K t - + ±wl. 



The middle term on the right of (13. 22ft is a martingale by the symmetry of the jump rates (III) 
of List O E[w n \F t -] =0. 



Part (2): To find an expression for L t , we apply an inductive argument as with E t except 
that the analysis breaks into two cases. Expanding L\ when |-^t n _J > |u> n | is the easy case 
since L\ n = + 2v n S(K t -) + w\. Again w n S(K t -) is the martingale contribution, since 

E[wl\T t ;]=0. 

Expanding L\ n in the case that |L tn _J < \w n \ , then L tn = ^(l + S(K t -)S(w n ))(L tn _ 1 + \w n \), 
and 

L 2 tn - Ll_, = -S^JS^L^ + K|) 2 + wl + ~(K| - L tn _J 2 . 
The first term on the right has mean zero since F,[S(w n ) | J-" t -, |u> n |] =0. 

Part (3): By Part (1) and Part (2), 

Afst 1 

r\A st - 2A st ) = -2r 1 E + r 1 ~ (Kl - L tn _ x ) 2 x(\w n \ > L tn _j 



n=l 



Since \w n \ < J, the sum above is bounded by 



J^(K| - A 1I _ 1 ) 2 X(l^ n _ 1 l < \Wn\) 



n=l 



A/it 



< ^^(l^l-^n-iMI^-J^knD+^l^lMknl^^)- (3.23) 



n=l 



n=l 



By the estimates in Lemma 



E 



SUp t 1 ^ \ W n\ 2 X(\Wn\ > t*] 



0<s<l 



E 



n=l 



Mt 



n=l 
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The first term on the right-side is closely related to A' r , since A' r can be written 

Mr Mr 

sup Tffl„S(if(-) = K = ~ L tn-i)x{\L tn ^ \ < \w n \, S(K t -)S(w n ) = -l), 

— — n=l n=l 

since increases in A' t occur |-^t n _ 1 | < \w n \ and the jump w n has sign such that S(K t -)S(w n ) = 
— 1. In fact, the conditional expectation of a single term from the sum with respect to the 
information up to time t~ and the size \w n \ of the nth jump is 

E[(\w n \ - Lt^JxflLtn-il < Kl, 5(fsT t -)5(w n ) = -l) | F t -,\w n \] 

= g(W -^n-i)x(l^i„_il < Kl), 
since u> n = — |u> n | and w n = \w n \ have equal probability. Thus, 

Mt 

e[H J](K| - l^mil^j < = He [4] = He[m; + a;] 

71=1 

= R[2h-*E* - Hcf } ] < 2*He[£7*] + o(H) 
< 2*He[£?J* + 0(H) < 2aH(E[E ] + ^r 2 t)^ + 0(H) = O(ri), (3.24) 

where the second equality is because M' r is a mean zero martingale, the third equality is from the 

definition of Gr , and the first inequality uses the result E[sup 0<s<1 
from the proof of Lemma 13.41 

□ 

4 The absolute value of the momentum 

The following theorem takes us as far possible towards attaining a central limit theorem for the 
momentum t~^K st without making an assumption about a reflection symmetry in the periodic 
potential and in the jump probabilities. 

Theorem 4.1. Assume List \2.1\ and (i)-(ii) of List \2.2\ In the limit t — > oo, t~^\K s t\ 
converges in distribution to the absolute value of a Brownian motion with diffusion constant 
a = f R dvP(v)v 2 . 

The above theorem is not enough to guarantee that t~^K st converges to a Brownian motion. 
To see this, consider a random walk X n on Z which jumps to the right and the left with equal 
probability at every lattice site except at the origin where it jumps to 1 with probability | 
and to —1 otherwise. In this case, \X n \ has the same distribution as a simple random walk 
and thus n~2 |X^ sra j | converges in distribution to the absolute value of a Brownian motion |B S |. 
However, removing the absolute values, then rf"^X\ sn \ will have a drift determined by the 
process \n~^ Yun=i x(X n = 0). Since a simple random walk X n spends on the order of n\ 
steps at the origin, the drift will be non-vanishing. 

The proof of Theorem 14.11 follows in Section [7] and is based on the Lemma 14.21 below. The 
latter extends the analysis in the proof of Lemma [33] to show that t~^K st is close to being 
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the solution of a stochastic equation, reminiscent of the fact for a Brownian motion B s that 
su Po<r<s ~^'s f° r another Brownian motion B' s — J Q S(B r )dB r . This is related to 
Levy's theory of Brown local time [11] . 

For some bounded right-continuous adapted process F t , we denote 



f F rt dM® =t-^w n F t -, (4.1) 

J n =\ 



where v n are the momentum jumps. Thus the martingale M' t used in the proof of Lemma 13.41 
can be written t~^M' st = f° S(K rt ) dMjP. 

Lemma 4.2. Assume List \2.1[ Then the momentum process K st , s G [0,1], satisfies the 
stochastic equation 

r^\K st \= / S(K rt )dM^+ sup - / S(K rt ) dM® + £f\ (4.2) 

JO 0<a<s Jo 

where the error £^ has E[sup 0<s<1 |^i^| 2 ] — > for large t. 

Proof. The error S'P is close to error Gf = y/2t~^El - t~\M' st - r\N st which arose in the 

proof of Lemma l3.4[ since they differ only by the replacement of the momentum t~^\K st \ with 

i - i-i i - 

\/2UE* t and \\f2T^El t - t~ * \K st \ \ < t~W . In the proof of Lemma [331 it was shown that 

r l E[ sup |GW| 2 l G(t)<0 ] = 0(H). (4.3) 



"0<s<l 



We now work on showing that t 1 E[supQ <s<1 |Cri^| lg(*)>o] tends to zero also. 

By Part (3) of Lemma [331 the normalized difference in the increasing parts A st and A s t for 
the Doob-Meyer decompositions of L 2 st and E st respectively, tends to zero as 

E[ sup r l \2A st - AJ] = 0(H). (4.4) 

0<s<l 

We will make use of the error Gs being the difference between two positive submartingales 
having a vanishing difference between the increasing parts of their Doob-Meyer decompositions: 

H® = 2r 1 E st - r 1 ^ + A' st \ 2 = 2t~ 1 E st - (V2t~^E] t - Gff 

= G<*)(2iH4-Gf)) = TW+rW 



where is a martingale and Y [ s ] = t- 1 (2A st - A st ) is 0(H) by (IP)) . 

Note that 2s t~^Eg t — is positive, so G^ determines the sign of Hf\ By the Cauchy- 
Schwarz inequality 

HE[ sup \H®\l H{t) J < (E[ sup |GW| 2 l G ( t)<0 ])^(E[ sup |2*r*4 - G?>| a ])*. (4.5) 



0<s<l 0<s<l 0<s<l 
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The first factor on the right is 0(t s) by ( 14. 3p . Bounding the second factor on the right comes 

through the triangle inequality and the use of Doob's maximal inequality for the two positive 

I 

submartingales M st + A st and Eg t : 

(E[ sup hh-^El-G^?])^ < 4\/2~He[kH +U-^[\M' st + A' st \ 2 Y < 12 rf, (4.6) 

3 1 — (+} 11— 1 1 

where 2^t~^El t — G s = l^t^^E^ + t~^M' st + t~^A' st . The last inequality follows by the forms 
for the increasing parts of the Doob-Meyer decompositions for for t~ 1 \M' st + A' st \ 2 and t~ 1 E st 
from Lemma 13.51 which are both bounded by t~ 1 [M] st . The right side of ( I4.5P vanishes as 
0(t~^), and thus the values of £ _1 ii/j do not typically go far in the negative direction. Since 
is a martingale with mean 2t 1 Eq —¥ 0, it would be expected that t 1 Hg can also not go 
far in the positive direction. 

We will argue below that lim t _ > . oo E[sup 0<s<1 \Hs | l_ ff (0 >0 ] ~^ ®- This would complete the 
proof since 

r x E[ sup \G^\h Gat>0 ] < r x E[ sup Hjth^J, 

0<s<l 0<s<l 3 > 

which clearly follows since 2 a H# s 2 t - G ( s ] is lar ger in absolute value than when is 
positive. 

By the optional sampling theorem, 

E[T? } ] = E[H® - r? } ] = (4.7) 

for any adapted stopping time r. Given some a > 0, let r 6 [0, 1] be the first time that /fg 
reaches above a and put r = 1 if that event does not occur. By (14. 7p . 

E[rW] = aPr [ sup ffW > a] + E[#f } x( sup # s {t) < a)] , 



which implies that 

sup aPr f" sup > a] < \E\T®] I +E[ sup li^lUct) J = 0(H). (4.8) 

aeR + 0<s<l o<s<i Hs <UJ 

Set y t = sup 0<s<1 Hs^l H (t) >0 and a t = (sup agR+ aPr[F t > a]) 2 . If E[V t 2 ] < y 2 for all t, then 
for any m > a t > 

/»oo pat rTn roo 

E[Y t ) = daPi[Y t >a] = ( + + )da Pr [Y t > a] 

J0 JO J a t Jm 

I rm If 00 y 2 

< a t H / da a Pr \Y t > a] H / da a Pr [YJ > a] < at + mat H • 

«t 7a t mj m 2m 

The second inequality above uses that a\ is the supremum of aPr[Y t > a] for the first integral 
and the relation |E [Y t 2 ~\ = J °° da a Pr [Yj > a] for the second. We can pick m large to make 
the last term on the right-side small, and then pick t large enough so that with (14. 8p a<(l + m) 
is small. 

To finish the argument we just need to show that E[Y t 2 ] can be uniformly bounded in t. 

(f\ 1 1 — 1 3 1 — (+\ 

Since G\ is the difference of 2^t~^E^ t and t~2L st , and 2zt~2E£ — G s is their sum, 
E[yH <4E[ sup r 2 £ s 2 H + 2E[ sup r 2 \L st \ A ]^ . 

0<s<\ 0<s<l 
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To attain a value y, the terms on the right can be bounded by standard calculations using 
the Doob- Meyer decompositions for E r and \L r \ 2 from Lemma [3.51 and using Doob's maximal 
inequality. 

□ 



5 Estimates at high energy 

In this section, we provide estimates that are useful for understanding the dynamics when the 
particle has high energy, which by Lemma |3~3| is the majority of time. The estimates are based 
on the idea that the particle will feel a spatially averaged noise and that the momentum is too 
high to be shifted through the action of the force generated by the potential. 

The following elementary bound is used many times in this section and later sections. It 
follows from the conservation of energy and the quadratic formula. It basically says that if 
the initial momentum fc has \ko\ 3> V? = sup ae r 01 i V(x)* , then the future momenta k s , as 
determined by the Hamiltonian evolution, will stay close to k^. 



Lemma 5.1. Let (x t , k t ) evolve according to the Hamiltonian H(x, k) = ^k 2 + V(x), for 
positive potential bounded by V. If the initial momentum has \ko\ 2 > 4V, then the displacements 
in momentum k t — fc and k t — k s have bounds 



2V . ,4V 
\kt — ko\ < — — and \kt — k s \ < - — - for all t, s G R. 
\k \ \k \ 

Proof. Since |fco| 2 > 4V, the momentum k t will not change signs at any time. By the conser- 
vation of energy 

l\k + (k t -k )\ 2 - h 2 Q = -V(x t ) + V(x ). 
Using the quadratic formula and that k t , k have the same sign, 



\k t -k \ = \\ko\- (kl + 2V{x Q )-2V{x t )Y\ < - da(k 2 + a) 







< 


2/ 







2V{x )-2V{x t ) 



2V 

\k \ 



Since (ifcg + a) 5 < y/2\ k \ 1 < 2\k \ 1 for a < | k\. By the triangle inequality, we can bound 
the difference \kt — k s \. 

□ 



As before P{v) = da V a (v) where k = Jl 1 da n{a). By our assumptions inf < a <i 



k[ a 1 



u>0. 



Lemma 5.2. Assume List \2.1\ and (i)-(ii) of List \2.2i Starting from the point (x, k) with 
\k\ 2 ^> V , let r( Xjfc ) G -^ 1 ([0, 1]) and f( x ,k) ^ ^([0, 1]) be the probability density for the torus 
position of the particle at the first Poisson time and at the time of the first momentum jump 
respectively. Let P( x ,k) £ -^ 1 (R) be the density for the first momentum jump. Let TL^w G 
L 1 ([0, 1]) be the density of time that a determinstic trajectory starting from (x, k) and evolving 
according to the Hamiltonian H(x, k) = k 2 + V(x) spends at a torus point over a time interval 
[0, £]. We have the following bounds 



!■ sup ae[M |r( x , fc) (a) - l| < g + O(^), 
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& su Pae[0il] |r (a , fc) (a)^ - 1| < ^ + 



5. sup 



p(«) 



- |fc| ^ ^TIF^" 



i SU Pae[0,l] | T (x,fc),*( a ) ~*| < 



2t 
|*| ■ 



Proof. 
Part (1): 

Let (x 8 , k s ) e M 2 be the position and momentum for a particle beginning at (x, k) and 
evolving over a time period s for Hamiltonian if (x, fc) = \k 2 + V(a;). Notice that r^ x ^{a) can 
be written as 



■Ur n (a) 



n=l 



where s = ri(a), r2(a), ■ • • are the periodic sequence of times for which x s mod(l) = a, and 

i 

k(x,fc)(o) = s(k)(H(x, k) — V(a)J 2 is their momentum at the point. These times will exist for 
every a G [0, 1] as long as H(x, k) > V. 

If AV < k 2 , then |/c s — k\ < 2V\k\~ 1 by Lemma [5.11 Thus for large momentum \k\ 3> (V) 5 , 
fc s is nearly constant and the hit times r n (a) will be close to the sequence of times s = s n (a) 
at which x + sfcmod(l) = a for a time period at least on the order of . The period r 
such that r n (a) — r n _i(a) = r should thus be close to m. When is large enough so that 
|jfe, - Jfc| < 2V r |A;|" 1 < ||A;|, then clearly r < ^, and 

i i , r fw\ \ , r rw w 

lT -W\ l -W\ ] l dsk -l dsk ^W\ { i dslk '- kl+ l d " ~ < 1*F' (M) 

The difference between the first crossing-times |rx(o) — Si(a)| of the point a can be similarly 
bounded. 

Using the triangle inequality 



1 oo 

\r {x , k) (a) - 1| < |r (s , fc) (o) ~ 7^ ^ "'"^ I 

^ OO -. OO oo 

+ \^Yn e -Krn(a) _J_Y ne -Ks n (a)\ + dr Re -U(.) _ ^ 
1 1 n=l 1 1 n=l 1 1 n=l 

^W + 0( ^ (5 ' 2) 

where the last inequality follows by further computation using the inequalities above. For 
instance, we can bound the first term on the right as 

\ r , M _ — V^e^ r " (a) l < ll - \ e -Kr 1 {a)J : Kt < ^£ 



Part (2): 
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We will bound sup ag [ 01 ] |^(x,fc)( a )^y — l| by invoking Part (1). This will involve breaking 
down an expression for rt x ,k){a>)- Since there are a random number of Poisson times before the 
time of the first momentum jump, the expression will have a series of integrals whose nth term 
corresponds to a momentum jump occurs at the (n + l)th Poisson time. 

oo „ 

f(x,k)(a) = K ( a ) ^ / ds i ■ ■ ■ ds n TZ n e~ ns{n) n™ =1 |l - K(x S ( m ))\r^ s ks (n) )(a), (5.3) 

n=0 > / ( R+ ) n 

and S(m) — s% H — • + s m . 

Let \k\ > AV? so that with two applications of Lemma [5.11 sup s t>0 \k t — k s \ < \k\~ 1 2V. In 
particular, for any time S(n), we can apply Part (1) to the difference |^(x s(n) ,fe S(n) )(o) — 1| to get 



4y-«E d Sl ...ds n 1Z n e- ns ^Tl n m=l \l-K(xs {m) 

* (w + °^») £ (1 - - - "»(w + 0i w^ (5 - 4) 

! I II ,>-> 1 I I I' 



n=l 



where the second inequality follows since 1 1 — K,(xs(m) ) | < 1 — ^ for all m and 7^™ e~ ns ^ defines 
a probability measure on (R + ) n . 

If J( R +)n rf^i • ■ ■ ds n lZ n e~ ns ^ n ' ) Il^ =1 1 1 — K(xs(m))\ were replaced by (1 — R) n in the left-side 
of (15. 4ft . then identity J2^=o(^ ~ = k1 w °uld make the difference zero. 

Using a telescoping sum and the definition of r^^) (a) , 



l X S(m), 



'1 - «) n 



/ dsi---rfs ri ,^"e-^ (n) n™ =1 |l-K( 

i(R+)™ 

n . 

< V(l - K)" \ d Sl ... ds m .{R m ~ X e -^("*-l)rm^l|l - /c(x S(r ))| 



x / da|l- K (a)| |r (a; fc )(a) - 1| 
Jo 

Again by Part (1), since ']Z m ~ 1 e -' R - s ( m - 1 ) is a probability measure on (M + ) m_1 , and by the 
bounds 1 — n(a), 1 — R < 1 — u, we can estimate the right-side above by 

Putting everything together 

, , R . /2ft 1 



ae[o P i] ^ (X,k) ° «(a) ~' * M*;| ' " V |^| 2 ^ ^ 

and the sum of the series is v~ 2 . 
Part (3): 
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Now we study the probability density Pt Xt k){ v ) 101 the next momentum jump. We can write 
the density for the next momentum jump as 

P{x,k){v) = / dar^ k )(a)V a (v), (5.5) 
Jo 



We then have a bound using 

\P(x,k)(v) | 1 f 1 , . K tI^^/x 

s^P : 1 <sup-~— / da\r {x , k) (a)—--l\—V a {v) 

< sup \rf x>k )(a)—T- — - l| sup -~— / daV a (v)— - = sup \f (X:k) (a)——-l\, (5.6) 
oe[o, l] K { a ) \v\<J P(v) Jo K { a ) ae[o,l] K \ a > 

where in the last equality we have used the definition of P(v). Applying Part (2) then we get 
the bound. 

Part (4): The density TL^w can be written 

T(x,k),t( a ) = n (x,k){a,t)k( Xtk) (a) 

where kr Xjk \(a) is defined as in Part (1), and nr X}k \(a,t) is the number of times the particle 
passes over the torus point a over a time period t when starting from (x, k). The result follows 
by bounding the errors for k^^a) ~ k and \k\~ l nc x ^){a, t) ~ t which is similar to Part (1). 

□ 

The following lemma bounds the contribution of the cumulative drift over periods of high- 
energy. Define r(t) to be the time of the next to last momentum jump and put it equal to zero 
if two jumps have not occurred. 

Lemma 5.3. Assume List 1 2. 11 In the limit t — > oo, for < < \, 



E 


sup 


r l+2 ? / ds 




-0<r<t 


Jo 



d ^(X s ) X (\K T(s) \>t^ 2 



0. 



Proof. It is convenient to split the total integral into a sum of integrals over the periods between 
Poisson times (at which there may be a momentum jump breaking the conservation of energy) 
which include only the even and odd terms respectively. Let t%, . . . ,tj^ r be the Poisson times 
up to a time r. 



) 



I £Lr_ I 

r dV , 2 , rhn+i jy 

l > ^ w E x(\K t2n ^\ > 1P) ^ ds—{X t 

I Mil I 

L 2-I pt 2n +2 jy 

+ £ x(l*<J > / ds^-(X s ), (5.7) 

n=0 Jt ^+l ^ 

where on the right side, we have neglected the integral from t 2 [^j to r, which will be small, 
and we define t-i = 0. We will focus on the sum with interval starting at even numbered 
times [t2n,t2n+i]- First, we will show that the terms in the sum can be replaced by the same 
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expressions conditioned on the information up to time t n -\. These conditional expectations 
can be uniformly bounded by an argument following at the end of the proof. The strategy 
is to invoke Lemma [3.41 to guarantee that most of the terms in the sum have |-Kt 2n _x| on the 
order of £2 rather than just \K t2n \ > t 13 . This lowers the bounds available for the conditional 
expectations of those terms. 
The following is a martingale 



Y r =Y,x{\Kt* n - l \>^lP) 



n=0 



t2n+l 



t-2n 



E 



" ./.'?':.Y. 



t2n 



dx 



*2n-l 



(5i 



However, the second moment for a single term from the sum is bounded by 
1 



E 



ds^-(X s 



t-2n 



dx 



E 



*2n+l d y 

ds—(X s 



t-2n 



< E 



*2n+l 



dV 



ds^-(X s 
dx 



+ 2TZ~ Z sup 

0<s<l 



t 2 n-l 



dx 



dx 



Pr 



\K, 



< V 
~ 2 



t2n 



\K,. 



*2n-l 



> ^ 



(5.9) 



where we have considered separate bounds for the event that \K t2n \ > or \K t2n \ < . 
When \K t2n \ > \iP , then we can apply Lemma 15.11 to bound the drift by AVt 13 , and when 
\K t2n \ < ^ then we use that the forces ^r(a) are bounded and that the difference between 
two Poisson times has an exponential distribution with second moment 21Z~ 2 . Finally, since 
the force can only change the momentum by at most <C over any time interval, only a 
large momentum jump can send \K t2n \ below However, since the fourth moments of V a (w) 
are less than p, 



Pr 



\K, 



t->n 



<v 

- 2 



\K, 



*2n 



< Pr 



>V 
~ 4 



*2n 



< sup 

oe[o,i] J UP 



dwV a (w) < 



4 4 p 



where the last inequality is Chebyshev's and thus the right side is 0(t~ A/3 ) which make the 
right term on the left side of (15. 9p negligible compared to the left term. 

Consider again the variance of a single term in (15. 8p . By Doob's maximal inequality 

E[ sup |r r | 2 ] < 4E[|r t | 2 ] < (iqvH- 2 ? + o(r 4/3 ))E[M] = i6vW~ 2/3 + oit 1 -^). 



0<r<t 



Thus we can focus on bounding the expressions |E[ J t ^ n+1 ds ^(X s ) | J r t 2n -i\ | when |-Kt 2n _J > 
t" . The end result of the analysis below will be to show that there is a constant c such that for 
all sufficiently large t@ ^> 1 



/*2n+l Ay 
ds —(X s ) I F t2n _,] 



< ct 



-2/3 



(5.10) 



Applying the above inequality (also with t@ replaced by et^\ 

I iLk I 

2 I ft2n+l Ay 

mx{\K t2n J >1?) / cfa-pTOl^J <cM, £ r 2 r 1 + c (M-4)f 

n=l ^ 



2/3 
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where A4, e is the number of terms with \K t2n _ x \ > et? up to time r. By the triangle inequality 



E 



t-W£E [x(\K t2n _A>t?) 



n=l 



ds—(X s ) | Ftm-il 

*2n aX 



< 2hne- 2 r 1+2 P + c r l E[\U t - M, e - T e (t)| 2 ] * + crtf!^)) 2 ] *, (5.11) 

2 1 1 

where it was used that J\f t>e < Af t , E[\Af t \ ] 2 < 2zt1Z, and 7 e (t) is defined as 

Afr 



n=l 



The difference A/" r — A/i, e — 7e(V) is a martingale since t n — t n -\ are exponentially distributed 
with mean 7£ _1 . The variance of the martingale satisfies 



Aft 



E[\Af t -Af t>e - 7£ (t)| 2 ] = E[J2 \ntn - tn-i) - l| 2 x(l^tn_il < < 



n=l 



Thus the middle term on the right-side of f)5.1ip is 0(t^ 2/3 ). 7 e (t) is less than the amount of 

1 — (+ \ 

time r e [0, t] the particle spends with t~?Er < e. In other terms, t _1 7 e (t) < 1 — T e v where 



T^y is defined as in Lemma [3T4l Thus by Lemma l3^fl Pr [t 1 7 <E (t) > 5\ < C^-f ■ Since t ^(t) 
is bounded by 1, 



E[|t -1 7 £ (*)| 2 ] 5 < 5Pr [ rl le(t) < 5] +Pr [t _1 7 e (*) > 5] < 5 + C 



r| e 
ri 5 



Thus we can pick 5 to make the first term small and then pick e to make the second term small. 
We now turn to showing (I5.10p . 
By the Markov property 



rt2u+i jy 

dxdkP^x, k) X {\k\ > tP)\E[ J ds ^( X °) I (*fa»-i> K ^-i) = (*> k )]\- ( 5 - 12 ) 



where P u (x, k) is the distribution (X t2n _ 1 , i^t 2 „_i) conditioned on u G J r t 2n -i- 
Assuming that |-ft't 2n _ 1 | > t@ and iQ 2n > |t^, 



t2n+1 , W,vs V(X t2n+1 )-V(X t2n 



r 2n+i r/y 



< 



* 2n+1 , dV 



dS lx- {Xs) ~ n , 

t 2 „ UX £V t 2n Jt 2n 



1 f t2n+1 , dV 



+ 



Kt 2 „ Kt 2n -i 



\V(X t2n+1 )-V(X 



t 2 n 



< 2r 2 ?V sup |— (x)|(Wi -*2n) +2t- 2 ^|K 42n - A^J, (5.13) 



0<£C<1 
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where we have used the identity f* ds^r-(X s ) K s = V(X t ) — V(X r ). The only thing random in 
the final bound is the difference t n+ i — t n , which is an exponential random variable with mean 
IZ^ 1 and the difference \K t2n — K t2n _ 1 \ which has variance less than ^. Thus 



E 



x(\K t2n J>tP) 



t2n+ \ dV (Y 

as — [X s 

t 2n dx 



*2n-l 



< o(r^) + 2t-^nv sup \ d ^(x)\ + 2r 2 ?v% 

0<x<l 



+ / dxdkP^x, k)x{\k\ > t 13 ) 



E 



dx 

V(X t2n+1 )-V(X t2 „ 



K, 



t2n-l 



1l2 



(X^, K^) = (x, k) , (5.14) 



where to G J-2n-i and 0(t 4/3 ) corresponds the unlikely event that Pr [K t2n < which we 
have treated above following (15. 9p . 

Adding and subtracting the spatial average of the potential, daV(a) = V in the expec- 
tation above, 



E 



V(X t2n+1 )-V(X, 



*2n-l 



(^*2n-H Kt2n-1. 



< 



— ( [ dxdkP (Xt2n i>Kt2n k) \E[V(X t2n+1 ) - V | (X t2n , K t2n ) = (x, k)] | 

2n-l I JR 2 

+ \E[V(X t2n ) - V | (X^, K t2n _,)\ |), (5.15) 



where P{x t2n _ x ,K Hn ^) is the probability density for (X t2n , K t2n ) given (X t2n _ 15 K t2n _ x ). 
Finally, we can work with quantities that allow more explicit expressions 



poo pi 

E[V(X t2n ) | (X^, K^)] = / dtKe- nt V(x t ) = / 

Jo Jo 



dar 



[a) V{a) 



where Xt is the position at time t for the particle evolving according to the dynamics from the 
initial point (xo, k ) = (-X* n _ 1 , ^ n „J, and r( X) Q G ^([0, 1]) is defined as in Lemma 15721 

\E[V(X t2n ) | (Xt^, K tn _ 1 )]-V\ < V [ da\r (xoM) (a) - l|. 

Jo 

By Part (1) of Lemma ETJ, when \K tn _ x \ > tP, then \r {xoM) (a) - 1| < 4fct~P + 0(r 2/3 ). A 
similar analysis bounds the term E["l/(X t2n+1 ) — V | (X t2ri , K t2n ) = (x, fc)] |. Thus with the 
factor of |i^ 4n l | _1 on the right side of (15.151) . then (15.151) is 0(t~ 2/3 ), which completes the 
proof. 

□ 



6 Bounding the momentum drift 



In general, we have that K t = K + M t + J Q dr -^(X r ). In this section, we develop tools for 

controlling the cumulative drift J„ s dr^n-(X r ). The end result, under the assumption of the 
symmetry (Hi) of I2.2[ is that 



E 



sup t 

0<s<l 







st dV 
ds^-(X s 
dx 



0. 



(6.1) 
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Thus on the scale of a central limit theorem for K t , the drift term vanishes. 

By the Lemma 13.41 the particle spends most of the time at "high energy" (in Lemma 13.41 
this meant oc t), where the contribution to the total drift over any given finite time interval is 
small. However, the particle is also making occasional shorter incursions to "low energy" where 
the contribution may be larger over a finite interval. In this section, "low energy" roughly 
means below £*. In order to bound (|6.l|) . the analysis is split into parts treating the drift at 
high and low energies respectively. 

From this section onwards, we contract the position degree of freedom to a single periodic 
cell x G [0,1]. This clearly does not affect the statistics for the drift process ( 16. ip . Thus 
the dynamics satisfies the same linear Boltzmann equation (12. ip as before but with periodic 
boundary conditions; the derivatives in position at the boundaries of the interval are symmetric. 

We now define what we mean by low energy incursions. They are limited by starting and 
ending times. Define the hitting time 9q = min{s G [0,t] | \K S \ > t±}. For j > 1 define the 
sequences of hitting times it,, 9y. 

Oj = mm{s G [0, oo), M s - M s - ^ 0| s > Oj-i, \K S \ < (6.2) 
6j = min{s G [0, oo) | s >a h \K S \ > 2t*}, (6.3) 

Notice that 9q is defined differently than 9j for j > 1. We refer to [<jj, 9j] as the time period of 
the jth incursion. 

In the lemma below, we give a bound on the expected number of incursions Ny{q) over 
a time interval [0, gt], and show that the time periods of incursions 9j — Oj have finite first 
moments. The time periods between incursions (Jj+i — 9j can be shown to be almost surely 
finite. This follows from an argument using Levy's zero-one law and Theorem 12.31 but showing 
Oj+i — 9j to be finite is not required to prove Theorem 12.31 In any case, bounds on cr J+ i — 9j 
are intrinsically less important to us, since the challenge is to get estimates for the low-energy 
part of the walk. 

Lemma 6.1. Assume \2.1\ and (i) of List [HTM 

1. Given aj < oo, the difference 9j — aj has expectation 0{t^). 

2. Let g > 0. For large enough t, the expectation for the number of incursions in the interval 
[0, gt] is bounded as 

E[N Y {gt)] < g^r\ri 

Proof. 
Part (1): 

Let us set construct the stopping time 9j- = (9j — crj) A T for some bound T > 1 and set 



E [9 T ] <^E (M) 0T =-E[[M], T ] 



r 2, 



n 



where the equality follows since [M] t — (M) t is a martingale, and the inequality is a consequence 
of n < |(M) t < r 2 . 

Lemma [3.51 states that 2 _1 Y^=i w n = 2 _1 [M] r differs from E r — E by a martingale, and 
by the Optional Sampling Theorem the expectation of the martingale part is zero at time 9j- 
so 

E[[M] 9t ] =2E[E eT -E ]. 
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Let D be the size of the over-jump of the boundary — 2t± or 2t* when 9j- < T, and V be 
the max of the potential. 

E[E dT -E ] <E[\-(2t* + D) 2 + V\6 T <7] + (2t* + V) Pr [6 T = T] < 2** + 0(1) < 3^ 

By Lemma \BA\ there are universal bounds determined by C and 77 on all the moments of D, 
E[D 2 ] < p 2 (C, rj). Using that \x + y\ 2 <2x 2 + 2y 2 , Pr [9 > T] < 1, and that V < U 

E\e T ] < -(Qt 1 * + = o(th. 

Finally, by taking the limit T — > 00, we get a bound for the second moment of 9j — of 

E[6j - a 3 ] = limsupE[e r ] < —(6*5 + 0(1)) = 0(t?). 

r^oo t 1 

Part (2): 

By Part (1) each incursion ends. Thus for each count of Ny{gt) there is a distinct up-crossing 

in which |if s | begins below and ends up above 2t*. However, for large values of momentum 
1 iii 
^|-f^s| ~ Eg , and we bound N Y by the number of up-crossings [7^(2 _1 t4 ; 2t«; E s (u)) that E£ 

11.- 

makes between 2~ l t± and 2t*. Since Eg is a submartingale, we can apply the submartingale 
up-crossing inequality |3J to attain 

1 

E[N Y (gt)] < E[U gt (2-H 1 *, 2t^E s {u))] < , 1 ^ , « ^-rf^ < r |^ti. 



□ 

The basic idea for our analysis is the following: 

• For large t, there is an asymptotic independence between the events during a single 
incursion and all events up to the end of a previous incursion; 

• Events during the incursion, which occur far enough after the starting time of the incursion 
are independent of the initial state of the incursion. 

It is convenient in many places to have an effective bound on the size of the momentum 
jumps that are likely to occur in the interval [0, t}. We thus consider the statistics for our model 
conditioned on the event 

{\v n \ < t«i for all n such that t n < t}, 

where a jump greater than t& is considered to be large. The lemma below shows that the 
probability that there is a jump above t« over the interval [0, t] decays super-polynomially, 
and that for dealing with the drift over up to time t, we can neglect the possibility of large 
jumps. The choice of ^ involves constraints from Proposition IB. 61 
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Lemma 6.2. Assume (i) of List l27R then the probability of a momentum jump v n with \v n \ > 

£3o over the interval [0,t] is 0{te~^ tm ), fori] as in (i) of List UTR Moreover, the difference in 
the quantity 



E 



0<s<l Jo 



dV ,„ , 2 2 



-I / ,,. 
sup t 2 / as —— (X 

ax 



for the dynamics conditioned not to make jumps greater than t*> and the unconditioned dynam- 
ics is 0(t 2 e-^) 

Proof. Assumption (i) of List 12.21 implies that the Laplace transforms for single momentum 
jumps are uniformly bounded by C(l — e^ r1 ^ q )^ 1 . Using Chebyshev's inequality we can bound 
the probability that any jump is greater than £«. On the other hand, the integral of the drift 

J ae[0,l] I dx 

□ 



can be at most t sup ag r 011 Mr-(a) 



We refer to Appendix[B]for a discussion of boundary crossing distrubtions and the definition 
of the boundary crossing density cf)^ : [0, 1] x IR + — > M. + . If if is a random variable, then 
Pr[H = y], for dummy variable y G K, refers to the distributional measure of H or its probability 
density if it exists. For a signed measure /i on R, then = |/i|(lR), where is the absolute 
value of the measure. Most of the random variables in this article (e.g. energy and momentum 
jumps) have well-defined densities. 

The following lemma states that incursions beginning at points {X a .,K aj ) for s\K aj G 
[t* — t^s,t^] for fixed Si = ± all have approximately the same probabilities for ending the 
incursion in the positive or negative direction. 

Lemma 6.3. Assume List \2.1\ and (i)-(ii) of List WJA Consider the dynamics conditioned not 
to have jumps greater than t«. Let S!,s 2 G {+,—}, and (x,Sik) G [0,1] x [is — t^>,t^] There 
are constants p Sl ,s 2 (t) suc h that as t — )■ oo 



sup 

(x,k) 



Pr [s 2 K 6j > | (X aj , Sl K a .) = (x, k)] 



p Sl , S2 (t) 



Proof. Fix Si = S2 = +. Define (p^' t , 4>ft ^° ^ e ^ ne boundary crossing distributions above 
and below the set S = [t* — t^s, + t~*o] starting from (a, t* — v). 

Using the Markov property and that H is a function of the process after the time r, 

Pr[K e .>0\(X <rj ,K <rj ) = (a, 

= / dqdp U^ t v \q, p) Pr [K 6j > | (X T , K T ) = (q, t* + W + p)] 

•/[0,l]xK+ V 

+ ^fiq, p) Pr > | (X T , K T ) = (q, U - - p)] 1 1 a. - (6.4) 
Thus for (a, v), (a', «') G [0, 1] x [0,t*r], 

sup \\Pt[H = y | (X a .,K a .) = (a, *i - v)] - Pr[H = y \ (X aj ,K aj ) = (a', U - v')] || a 

a, a', v, v' 

< sup 110ft*)- + sup ll^-^ll! (6.5) 

a,a',v,v' a,a'v,v' 
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By Proposition IB. 71 <p^^ and (pf^ converge uniformly to (p^ in L 1 . Thus the diameter D(t) 

of the set of possible values for Pr [K g . > | (X T ,K T ) = (a, t* — v)] as a function of (a,v) 
shrinks to zero as t — » oo. Let us define 

p +t+ (t) = Pr [K d] > | (X 0j , K aj ) = (x, k)] + Df + ^ 

for any choice of (x, k) where t~ l is merely to ensure that p +> + (i) is non-zero, and the square 

_ i i 

root is introduced so that D t D t 2 = D£ — > 0. Then we will have the conclusion of the lemma. 

□ 



6.1 Bounding the drift over an incursion 

In this section, we define incursions to have end times ^ which are different but related to the 
end times to 8j. Define the sequence of times 

qj = mm{s E [0,t], M s - M 8 - ^ I s > <Tj, inf \K r \ > U}. (6.6) 

s<r<9j 

The Sj's are not hitting times since information up to time 9j is required to determine them. 
However, for the time-reversed dynamics the ^ are well-defined hitting times and are defined 
to be symmetric with the cr/s. This will be important in the next section. All of the results in 
this section apply when is replaced by 9j. 
Define the random variables 



i dV , s 



We consider the Y r : s to contain the low energy contribution to the cumulative drift. Yet, during 
some portion of the interval [oj,^], the particle is likely to spend some time with momentum 
above and thus have overlap with the quantity in Lemma I5T31 with (3 = 4. Let Ny(t) be the 
number of Yj terms up to time t. It is convenient to split the F/s into four classes. For m > 1, 
si,s 2 e {+,-}, 

i dV 
K, S 2(m) = t—^xisxK^ > 0, s 2 fQ, > 0) J dr ~^(X r ), 

where j and m are related through 

n 

j = min{n > | m = x( s iKai > 0) }■ (6-7) 

i=i 

^si,s 2 ( m ) is equal to the drift for the mth incursion that begins with momentum having sign 
Si provided that the incursion ends with sign s 2 - Naturally, if there is no mth incursion with 
sign si, then we set Y SltS2 (m) = 0. For s G {±}, we also define N s (r) to be the number 

Define the constant 

c Sl , S2 (t)=rU dadv<f>(a,v)E i [ / ds — (X s ) X (s 2 K, > 0)] , (6.8) 

i[0,l]x(0,W) (a ' 1 1 ' J0 dx 
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where q is defined analogously to the q/s as the last time that there is a momentum jump inside 
(—t4,t±) before exiting the larger interval (—2t^, 2frz): 

q = min{s <G [0, 9), M s - M s - ^ I inf \K r \ > t*}, 



<r<t 



9 = min{s G [0, oo) I \K a \ > 2t*}. 



In fact, c SliS2 (t) will be asymptotically close to t *E g ( i g ^ [ f$ ds ^{X s ) x(s 2 K g > 0)] for 

any fixed (a, v) G [0, 1] x M + as t — > oo so the density 0(a, t>) appearing in the definition of 
c SljS2 is not important (except as a matter of convenience). 

The main purpose of the following proposition is to establish Part (3) which says that 
the sum of the y sijS2 (m)'s can be replaced by the number N Bl (st) multiplied by the constant 

Proposition 6.4. Assume List \2.1\ and (i)-(ii) of \2.2[ 

1. For large enough t, then for all j and ui G J- aj 

E[y/|j;.]i<5. 

2. Let c SljS2 (t) be defined as in j[6. 8\) and j and m be related by 7] ). As t — » oo, we have 
the L 2 (Q) convergence 

E[| Ep^^m)^] - c Sl , S2 (t)| 2 ]^ — ► 0. 



3. As t — > oo, there is L 2 (Q) convergence 



iV B1 (st) 

SUp I Y »l ,s 2 { m ) ~ N Sl (st) c SljS2 (t) 



0<s<l 



m=l 



0. 



Proof. 
Part (1): 

By Lemma fo.2\ we can take the jumps to be bounded by £*s, although we will not employ 
this till the end of the proof. Set a = <x,-, c = o,-, and 9 = 9j. By the triangle inequality, 

e[f/|j- ct ]5 < He[(m ? - - MrfiFr) 1 * +r 1 m[(K <; - - K a f\T a )?. 

The times a and q are defined such that \K a \, \K^-\ < t*. Thus E[(lf s - — K a ) 2 \ TJ\* < 2t*. 

As in the proof of Part (1) of Lemma 16.11 define the stopping time 9j- = 9 A T and the 
capped time qj- = q A T. 

By Doob's maximal inequality and q-j- < 9j-, 

E[|M- -M a \ 2 \F a y < E[ sup |M r - MJ 2 |j;]^ 

T a<r<9 T 

< 2E[\M 0T -M^V.] 1 = 2E[[M] er - [M]^]*, (6.9) 
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where [M] t is the quadratic variation and of the martingale M t up to time t, and the last 
equality follows from the optional sampling theorem. By Lemma 13.51 At in the increasing part 
in a Doob- Meyer decomposition for E t , 

2A t - 2A S = [M) t - [M] s . 

Applying the above for the time interval from o up to stopping time 8t, the right-hand side 
of (16. 9p . is bounded by 

2E[A 9t - A a \T c \ = 2E[E 9t - E a \F a ] < 4t* + 0(1) 

where the equality is another use of the optional sampling theorem. The inequality comes from 
the proof of Part (1) of Lemma [6. II 

Part (2): 



Let us take si, S2 = +. By Lemma [6.21 we can take jumps to be bounded by t«. By the 
Markov property and by the definition of Y +i + (m), 

E[y +1+ (m)|JVi] = E (x Sj _ 1 ,K ej _ 1 )[t^ £ ds^(X s ) X (K,>0)] 

= [ l da'dv'fa(a',v')E , [H f ds ^(X s ) X (K, > 0)] . (6.10) 
J [o,i]x[o,tm] (a,t v > Jo ax 

where 0t(a, v ) is the joint distribution of (X aj , —K a . + 1*) given (Xe j _ 1 , Kg. J. We attach a 
subscript (a, v) to the symbol (j) t to indicate the ending point (X$ , Koj-i) = ( a ^^ — v) of 
the last previous incursion. 
We have that 



E c +i + (m)-E[r + 



< sup E, , i 

(a',v') v 



[mi 



? dV 2 
ds— (X s ) X (K a >0) 
ax 



E 



H, (a, v) 



'oo 1 



(a,v) 

{Xg tl-K 9 )\ 



<25r 2 sup \\4>t,(a,v) ~ 0oo||i, (6.11) 

(a,u)e[0,l]xl+ 



where the first inequality follows from the definition of c +j+ and (I6.10p to which we apply 
Jensen's inequality over the measure determined by 1 4i ( 0j „) (a', v')—4>oo (a', v') \ da' dv' and finally 
Holder's inequality to pull the supremum outside the integral. The second inequality follows 
since E^) [ t~s J Q ? ds ^{X s )\ ] is smaller than 25r 2 for (x,k) e [0,1] x [0, iso] by the same 
argument as in Part (1). 

Finally by Proposition IB. 9 \ <p t , ( a ,v) converges to 0oo in L 1 uniformly for (a, v ) G [0, 1] x [0, 2t*] 
(which includes [0, 1] x [0,£«]) as t — > oo. 

Part (3): 



Again we invoke Lemma [6.21 to work with the process conditioned to have jumps bounded 
by t«. Let Tq._ x be the cr-algebra of all information known up to the end of the last incursion 
0j-i, and j and m are related by (16. 7p . For a random process X s , < s < 1, define ||X s || Pj00 
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for p > 1 as E[sup 0<s<1 \X S \ P } p . By the triangle inequality and by Jensen's inequality for the 
first term on the right 



N Sl (st) 

(Y SltS2 (m) -c SljS2 (t) 



m=l 



< 



l,oo 



N Sl (st) 

3=1 



m 



E[y Sl , S2 H|j Sj _j) 



2,00 



+ 



N ai (st) 

E[y si)S2 (m)|J- ._J - N Sl (st)c Sl>S2 (t) 

3=1 



(6.12) 



1,00 



Since the information of previous incursions is contained in 7 r e _ 1 , the sum of the differences 
s 2 { m ) - E[y Sl , S2 (m) I up to m — iVst is a martingale. By Doob's inequality and 
Lemma I A. 1 1 



N n (st) 



m=l 



2.00 



m=l 



< E[iV Sl (>t)p supE |y si , S2 H -E^^m)!^]! 2 m < N Sl (st) 



< r%t» sup E 



\Y Sl , S2 (m) 



T 9 < 



<5r|ts (6.13) 



where the last inequality uses Part (1), and the third inequality uses Part (2) of Lemma [6.1} 
and the following 



E 



|y si ,s 2 K> -E[Y Sl>S2 (m)\F e .J I m < N Sl {st) 



< sup E 



|y si , S2 (m)-E[y sijS2 (m)|JV J 



T 9i 



< sup E 



\Y SuS2 (m) 



. (6.14) 



Now we can work on the second term on the right of (I6.12p . By the triangle inequality and 
conditioning that m < N Sl (st) for the terms in the sum as above, 

2V Sl (st) 

EM J2 E^i.^MI^-J- N Sl (st)c SuS2 (t) 



m=l 



N ai (st) 



<E E ttWsuMlFe^} ~ c SuS2 (t)\ m<N sl (st) 



m=l 



However, we will split the terms in the sum on the right-side into the two groups m G 
[N Sl (st — gt) + 1, iV Sl (s£)] and m e [0, N Sl (st — gt)} for some < g <C 1 and in particular g < s. 
For m E [N Sl (st - gt) + 1, N Sl (st)) 



E 



N S1 (st) 

E[|E[F Sl>S2 (m)|^_J - c Sl:S2 (t)\\m < N Sl (st) 

m=N B1 (st-Qt)+l 

< 2E[N Sl {st) - N Sl (st - gt)} sup E[|Y Sli 
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where the first inequality follows since E[Y^ liS2 (m)|J r 0. 1 ] and c SliS2 (t) are convex combinations 
of values E[jF SljS2 (m)| | JvJ for different uj £ J 7 ^. The second inequality employs Part (1) and 
then Part (2) of Lemma [6.11 for an interval of length gt. 

For the sum of the terms with m £ [0, N ai (st — gt)], we need to better understand the 
expressions 



E 



lE^.saMlJ-. ] - c Sl , S2 (t)| m < N ai (st) 



(6.15) 



and, in particular, how the information m < N Sl (st) will change the expectation. If m < 
N si (st), then it will already be known at time 9j-\ < (s — g)t, that m — 1 < N Sl (st). However, 
it was shown in the beginning of the proof of Corollary IB. 91 that the probability of a jump 
into the region (which is the beginning of an incursion) after starting in any point 

(x, k) with \k\ £ [2t*, 4t*] occurs with probability approaching one for t — >■ oo. Since, we have 
assumed jumps bounded by t«, the point (Xe j _ l , K^_^) will have < [2t*,2t* + t*o]. 

Thus knowing m < N Sl (st) will add little is known at time 9j. With this consideration, we can 
give a crude upper bound for the expression (16.151) by doubling the unconditioned value of the 
expectation of |Y Sl)S2 (m)| Te^ x ] ~ c Sl)S2 (*)|: 



E 



lE^^HI^J -c Sl , S2 (t)| N Sl (st) -iV sl (%_0 > 



< 2E 



|E[Y Sl , S2 (m)|JV J -c SljS3 (t)| (6.16) 



where the inequality is due to the event N Sl (st) — N Sl (9j-i) > having probability close to one 
by Corollary IB.9I Finally, 



E 



AT S1 (St-Qt) 



m=l 

< 2r*E[N Sl (st - gt)] supE |E[r siiS2 (m)|^_J - c Sl;S2 (t) | 

m L 

which goes to zero by Part (2) of this proposition and by Part (2) of Lemma 16.11 



□ 



6.2 The torus reflection symmetry 

Now we move on to results which are specific to having a reflection symmetry on the torus such 
that the potential V(x) and jump densities j x (v) satisfy 

V{x) = V{R{x)) and J x (v) = j R{x) (v). 

A consequence of this symmetry along with the symmetric jump rates j a { v ) — ja(— v ) between 
positive and negative momenta is that a specific phase space trajectory (x s , k s ), s £ [0,t] 
from (x , k ) to (x t , k t ) will occur with the same density as a trajectory (R(x s ), —k s ) from 
(R(xq), —ko) to (R(xt), —kt). This combines with the time reversal symmetry of the model to 
yield a "time reversal in momentum". 
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V J 1 IcilllCll LI CI J KjKj LU1 V 


Totiici ypfippfiori 

(i2(ar a ), -k s ) 


Time reversal symmetry 
\ x t—s-} ~kt-s) 


Time rev. with torus reflection 
(R(x t - S ), k t _ s ) 



dV , 



The significance of the symmetries for the study of the drift is that ^h:{x) 
Thus for the trajectories (x s , k s ) and (R(x t - S ), k t _ s ) over the interval [0, t], 

[ ds^-(x s ) = -[ ds^(R(x t - 8 )). 
Jo ax Jo dx 

This will provide a basis for showing that there is no systematic bias for the contributions of 
the incursions. 

p+,-(*) i 



Lemma 6.5. Assume List \2.1\ and List \2. 2\ For the momentum- capped dynamics 
tends to zero. 



p-,+W 



Proof. By the torus reflection symmetry of the dynamics, the probability density of going from 
(a, ti —v) to (a', —2ti —v') from the initial time to time 9 is the same as the probability density 
of going from (R(a), -t* + v) to {R{a'), 2U + v'). Thus 



Pr, i AK e < 0l = Pr,„, , i AK >O\. 



By the triangle inequality, 



- 1 < 



?+,-(*) 



p 



/f +,-(*) 



"(fl(o), -t*+i;) 



Ji^>0] Pr i J^<0] 



(6.17) 



By Proposition 16.31 



Pr, i \K e < Ol 



p 



"(a, -tl+u) 



> o] 



0. 



for all (a,v) G [0, 1] x [0, i*>]. Thus (I6.17P goes to zero. 



□ 



The following lemma constructs a specific joint distribution (j)*(a, v; a', v') for the first 
entrance coordinates (a, v) and last exit coordinates (a', v') for the set S = {(x, k) G [0, 1] x 
K| \k\ < ti} for trajectories conditioned to begin with siK > t* and to end with s^Kq > £4. 
The symmetry (16 . 1 8[) will play a key role in the proof of Proposition 16.71 



Lemma 6.6 (Equilibrium first-entrance/last-exit distribution). Assume List \2.1\ and List \2.2\ 

Consider the dynamics conditioned to have jumps capped by t^o . For large enough t, there exists 
a unique joint density (j)*(a, v; a', v') with support in ([0, 1] x [0, tio}) 2 such that the marginals 



[a, v) 



da' dv' 4>t(a, v; a, v') and (p* ct (a, v') 



[0,1] xR+ 



dadv <pt(a, v; a, v'), 



[0,1] xR+ 
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satisfy the relations 

/ da cfc 0> t (a, u) Pr i [(X f , s 2 = (a', t* - v') \s 2 K,> 0] 

cffjr t {a\ v') = / dadv <p* ct (a, v)Pi^ ± [(X^, s 2 K f ) = (a , t J — v') \ s 2 K f > 0,] 

J[0,l]xR+ "' (a,s 1 t*-s 1 v) 

( Fi) 

where PrL ^ refers to the law of the time-reversed dynamics starting from the point [x, k) G 
[0, 1] x R. ' 

Moreover, (fi* t has the symmetry 

4>t(a, v ; a, v') = <p* t (R(d), v'\ R(a), v). (6.18) 

Proof. Set s\ = s 2 = +■ We pick a number in (1,2), say, §. In the event that K a > 0, define 
to be the last time the particle has a jump with momentum < | before it continues on to 
reach 2t5 (at time 9), 

o 

= inf{s e [0, 0], M s - M s - ^ I inf \K r \ > -t*}. (6.19) 

s<r<9 2 

Clearly ^' > q. 

Consider the two maps ^ F , $f R : -^([O, 1] x R+) 

9 F (<p)(a,v) = J da f dv'<p(a,v)Pv {a ^_ d _ v) [(X^ K<) = {a', ^ - v') \ K, > 0, ^nf^ < fi] 
= / da' cfo' o?(a, u) Pr (R) l RX, K„) = (a, -t* - u') I fC > 0, inf K r < til , 

where PrL ^ refers to the statistics for the time-reversed Markov dynamics starting from the 
point (x, k). 

ty F and ^ R send probability densities to probability densities, and for large enough t, 
we claim that ^ R are contractive on differences of densities. Consider the hitting time 
r = inf{s e [0,9], M s -M s - £ | K s £ S} for the set S = {(x, k) e [0, 1] x R | |A; - §t?| < th}. 

Since r < <;' , by the Markov property, 

^ F (ip)(a, v)= / dafdv'(p(a',v') 

J[0,l]xR+ 

dxdk (ip\ a t ' v \x, k — -t* — t^o) + ip^ t '" \x, —k + -t* — t^)) 
[o,i] xk+ 2 ! '' 2 



x 



x Pr^A) [(X?, K?) = {a, -U - v) \ K, > 0, Q inf ^ < t*] (6.20) 

ip ( f t ' v ^ and V'lV are the boundary crossing densities for the set S for paths starting from 
(a', — v') and conditioned to reach below before going above t*. Using ( 16.20D . for two 
probability densities ipx, y?2, 



||^ F (^i-^)||i< |^i-V2||i 

sup (ll^-^lli + ll^-^lW- (6-21) 



a,a'£[0,l],vv'£[0,tV5] 
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However, by Proposition IB. 81 we have that 

sup Hvft^ — o^oolli — ^ and sup ll<MV ) - t:0oo||i — > 0. 

1 " Z i z 

oe[o,i], « u'e[o, tw] ae[o,i], «e[o, tao] 

Thus for large enough i there exists a constant < A < 1 such that 

11^(^1 - (p 2 )\\i < \\\<fi - <f 2 \\i, 

for any two probability densities (pi, (p 2 € -^ 1 ([0, 1] x R + ). For large enough t, the constant 
A > can be made arbitrarily small. By symmetry, the same proof holds for ty R . 

For t large enough for the strict contractive property above, we can now construct special 
densities by defining the limits 



vrf = lim (rt F ) n (P) and vrf = lim (^ F ^ R ) n (P), 

n— >oo n—>oo 



where the limit is independent of the probability density P. We have constructed equilib- 
rium states in which we can do computations using the Markov property for both the original 
dynamics and the time-reversed dynamics. 

We thus define the first entrance distribution 



4>jr jt (a, v) = / da' dv' vrf (a' , v') 

J[0,l]xR+ 

Pr i \(X T , K T ) = (a', ta -v')\Ko>0 inf K r < t*] , (6.22) 

(a,t*-v) LV 1 O<r<0 J 

and finally <j)%{a, v ; a', v') as the product 

<f>*(a, v ; a', v') = v)Pi^ ti _ v) [(X„ K q ) = (a', U - v') \ K, > 0] . 

The first relation in the statement of the lemma, which determines (f)*ct{ a i v ) with ^ t (a, v) 
using the forward dynamics, follows immediately from the definition of <p* t . In the above 
formula, <p* ct (a', v') is determined as the last exit time of S = {(x, k) G [0, 1] x 1 1 \k\ < t*}. 

However, starting from the points (q, — p) with distribution ir R (q, p) in the time-reversed 
dynamics, then <p* ct (a, v) is the first entrance distribution for set S. The second relation then 
follows from the Markov property for the time-reversed dynamics 

0», v)= f da', dv'^a', v') Pr W , [{X„ K,) = (a', n - v') \ K< > 0,]. (6.23) 

□ 

Proposition 6.7 (Antisymmetry of constants). Assume List \2.1\ and List \2. 21 The constants 
c +t + (t), c- t -(t), c +) _(t) + c_ i + (i) tend to zero for large times. 



Proof. Let us fix Si = S2 = +. By Lemma [6.21 we can take the dynamics conditioned to make 
jumps capped by 

Define the functional A : #([0, 1] x R+) -> R, 



I i dadvtp(a,v)E k [H f ds ^(X s ) X {K, > 0)] . (6.24) 
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By our comments above c +;+ ~ A(0 OO ), and when (p = (jf Tt then 

dadvda'dv'<f)* t {a, v; a, ?;')E (fl ' """''[ri / — (X s )l, (6.25) 

{a,t1-v) J dx 

fx' k') 

where E^. ^ is the expectation conditioned on the trajectories that begin at (x, k) and have 
a last exit (x', /c') at the time 
Note the anti-symmetry 

E (a 'f-^[ri fds d ^{X s )\ =-E Wa) ' t \~ v) [H fds d ^{X s % (6.26) 

which is due to the "time-reversal in momentum" mentioned at the beginning of the section 
in which for every trajectory (a;*, kt) on the interval [0,t], there is a backwards trajectory with 
a torus-reflected position (R(xt- S ), k t - s ) which occurs in the forward dynamics with the same 
"probability" as a fraction of the trajectories that begin at (xo, k ) and (x t , k t ) respectively. 
Even though the final time q is not deterministic, the two trajectories are still weighted equally 
in the expectations ( I6.26p . This follows since q is a hitting time for the time- reversed Markov 
process (for when the momentum first jumps below £*). Due to f 1 6 . 2 6 j) and the symmetry (16 . 1 8[) 
of (f)* t (a, v ; a', v'), it follows that (I6.25p is zero. 

We now focus on showing that due to a dynamical loss of memory of the initial conditions 
over the time interval [0, a] , the values of A(</?) for any tp with support in [0, 1] x [0, t*o] are 
close. In particular, A(ip) for ip = (j)^ = </>ooX(\ v \ < ^ 3IJ ) or V 9 = 4>Tt are dose, which would 
prove the result. 

Define r to be the exit time for the set S = {(x, k) G [0, 1] x R | \k — ti \ < t^u}. Thus for a 
probability density <p, 

H<P) = I dad V( p(a,v)E i [H / ds ^(X s ) X (K, > 0)] 

J[0,l]x9+ ( ' ' JO dx 

dxdk ((j)'f t (x, k — t* — t^>) + 4>f t (x, —k + t^— t 7 ^)) 

ds—(X s ) X (K<>0)]. (6.27) 

where <p^ t = J dqdp(p(q, p) (j^'f 1 and an analogous definition for (j)f r 

We argue that the first term on the right-side of ( I6.27P tends to zero for large t. Since the 
momentum is greater than |t* up to time r, then by Lemma [5.11 

|E, i Ji~* / ds—(X a )]\<^rE, i An t ], 

where N T is the number of momentum jumps up to time r. In the proof of Proposition IB. 61 
it was shown that E^&^iV] = 0(tw). Thus the drift up to time r A a vanishes for large t 

vanishes as 0(t~w). 
Thus 

|a« -H&, t ) I < ^(^^) + (IK,*U=^ -<,U=^,Jli + ll^r, t U=^ -<tU=0>.JU) 

pa ^-y 

supE (a!>fe) [|r? / ds—(X s ) X {K,>0)\}. 
(x.k) Jo dx 



x 

(x,k) 
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However, by Proposition IB. 71 4>t t , 4>^ t — > y^oo, since by definition t is a convex combination 

of 4>i q f^ for (a,p) with p G [0, t*s]. 

0t,tiv=^oo> ^t,*lv=^,t' ^1*1^=000 5 and ^r,*lv=^,t tend to in ^ Moreover ; by tn e same 
argument as for Part (1) of Proposition I6.4[ 



sup 

(x,k) 



E(«,fc)[|* _l / ds^(X s )| 2 X (^>0)] 



< 5. 



We then have that |A(</>) — t (a, v)) | converges to zero for t — > oo which proves the result. 
That shows the c +i+ case. The other cases for C--, and c +i _ + c_ i+ are similar. 

□ 



Theorem 6.8. Assume List \2.1\ and List \2.2\ In the limit t — > oo, 



E 



sup 

0<s<l 



/ dr—(X r 
ax 



(6.28) 



Proof. Our basic idea is to break the integral t~^ J Q st dr ^(X T ) into parts where corresponding 
to where \K r \ is high and low energy respectively. The low energy parts are controlled by our 
study of the random variables Y n = JJ™ dr ^(X r ) and the high energy parts will be controlled 
by Lemma [5.31 

r ~ 2 1 dr lx~ {Xr) = r ~ 2 J dr lx~ {Xr) + r ~ 2 1 dr ^( x r)x(\K T(r) \ > n) 



'0 

N Y (st) 

n=l 



?n aV i 
dr —{X r )x{\K T(r) \ > tr 



X (B(j) : st E [(TjsA) / 

./st 



'N Y {st) dV 

dr^(X r ) (6.29) 
ax 



where r(r) the next to last jump time before time r as in Lemma I5.3[ and the last term 
corresponds removing an overlap due to a last incomplete incursion which begins before 

For the first term on the right side of (I6.29p . an argument analogous to Part (1) of Propo- 
sition [63] gives the bound, 



4l/°^(^)| 2 ]*<5ti 



(6.30) 



and thus that term is negligible. In this case, the end time 7 is a hitting time, which makes 
the argument easier. The last term has the same bound. By Lemma 15.31 



E[ sup |H / dr— (X r ) X (\K T(r) \ >^)| 2 ] 5 
o<s<i Jo ax 



converges to zero. The same argument as in the proof of Lemma [5.31 shows that 



E 



sup 

0<s<l 



r * E r dr d ^-{X r ) X {\K T{r) \>£) 

n=l ®n 
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since it includes even less terms. 

We are left with the sequence X^Sa^ -1 Y n , which we can write as 

N+(st) N-(st) 

t~* Y +A m ) + Y +,-( m ) + Yl Y -A m ) + Y -A m )- 

m=l m=l 

By Part (4) of Proposition 16.41 these sums can be approximated by t~*N Sl (st) c Sl)S2 (t): 

N S1 (st) 

H J2 Y 8l ,s 2 H-t-^N Sl (st)c SuS2 (t) 

For the sequences with Sj = s 2 = s 

E[ sup |r^iV SiS (st)c S)Sl (t)|] =E[|HjV 8 , 8 (t)c B)8 (t)|] < 4 \c SiS (t)\, 



E 



sup 

0<s<l 



0. 



"0<s<l 



where the inequality uses Part (2) of Lemma ISTTl By Proposition 16.71 e SjS (i) converges to zero. 
The cases of (si, s 2 ) = (+, — ) and (s 1; s 2 ) = (— , +) must be treated together. We will take a 

step backward and approximate t~^N Sl (st) c SljS2 (t) with (psi,s 2 (0) 1 En=i c s 1 ,s 2 (t) x( s 2-^ fj > 
0). By the triangle inequality 

JV S1 (st) 

E[ sup |r^(p Sl ,s 2 (t)) _1 c Sl , S2 (t)x(s 2 K, j >0)-t-'iN sl (st)c SltS2 (t)\] 



' 0<s<l 



n=l 



N si (st) 



<H(p 8l)S2 (t)) l \c 81>S2 (t)\W.[ sup | xfa K * >0)-Pr[s 2 ^. >0]|] 



"0<s<l 



n=l 



N Sl (st) 



+ t-Hp Sl , S2 (t)) l c SuS2 (t)M[ sup | ^ Pr[s 2 ^. >0}-p Sl , S2 (t)\]- (6-31) 



"0<s<l 



n=l 



The sum ^n=i xi^K^ > 0)— Pr[s 2 lf^ > 0] is a martingale, so by Doob's maximal inequality 
and by Lemma IA.1I 



E 



N si (st) 2 , N ai (t) 

sup I Y > 0)-Pr[s 2 fQ. > 0] V 2 < 2e\\ £ X (s 2 i^. > 0)-Pr[s 2 K fj > 0] 



L 0<s<l 



n=l 



n=l 



< supE[( X (s 2J FQ. > 0) -Pv[s 2 K q . > 0]) 2 |j < N Sl (st)] 5 E[iV 8l (t)] 5 

Pr[s 2 i^ > 0|j < iV Sl (st)] - Pr[s 2 i^, > 0] r 2 t*, (6.32) 



< sup 



where the last inequality follows since N Sl (t) < Ny(t) and from Part (2) of Proposition 16.11 
and by an explicit calculation for the expectation of the indicator in the variance-type formula. 
Since the factor of in (I6.3ip over-powers the factor frs , the only worry is (psi,s 2 (^)) going 
to zero. Since the event j < N Sl (st) is adapted to the information known up to time <7j, 



(Ps^Wr 1 sup Pr[s 2 K,. > 0\j < N Sl (st)] - Pr[s 2 ^. > 0] 

3 

Pr[s 2 *Q. > 0|JT CT .] Pr[s 2 i^. > 0] 



< sup 



Ps 1>S2 (t) 



P Sl ,s 2 (t) 



(6.33) 
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By adding and subtracting 1 in the expression on the right-side, then by two applications of 
Lemma 16.31 which is permitted by our assumption on the boundedness of the jumps, shows 
that the above goes to zero. For the application of Lemma 16.31 note that by the definitions 
9j and % that > is equivalent to s 2 Kq. > 0. Also note that Pr[s 2 -ft' ?j > 0] is a convex 

combination of the probabilities Pr^K^ > 0\(X a ,, K a .)]. Due to the decay of t~s, we had 
only needed this term to be bounded, but we apply these principles again below. 
For the second term in (16.3 1 p . 



I ^ Pr [s 2 K, 3 > 0] 
sup | > 



LQ<s<l 



n=l 



Psi )8a (*) 



< t 4 sup 

3 



Pr[s 2 K f? > 0] 



P S1 ,S 2 (*) 



- 1 



E[iV : 



Y ■ 



We apply Part (2) of Lemma [6. II to show that t~* E[iVy] < r 2 2 is bounded and Lemma [6.31 to 
show that the ratio of probabilities converges to one. 
Now we just need to bound 

N+(st) N-(st) 

ri(p +l _(t)) _1 E c + ,4t) X (K^ < 0) + H(p_, + (f))- 1 £ c^ + (t) X (K,. > 0). (6.34) 

n=l n=l 



Using Lemma 16.51 and the same techniques above, we can replace p_ j+ (t) by p + ._(£). More 
critically, since the number of up-crossings from below —2 fa to above 2 fa can differ by at most 
one from the number of down-crossings from above 2 fa to below —2 fa, 



sup 

0<s<l 



N + (st) JV_(st) 

r * £ c+,_(*)x(^<0)+H £ c_ >+ (t)x(^>o) 

n=l n=l 



(P +1 -W) _1 E 

/Pr TiT < Ol Pr LftT > 01 \ / 
< sup ( L % J + L * J ) (r*| c+ ,_(t) + c_ j+ (0|E[iV y (t)] + c+ ,_(t) A c 

As above E[iVy(i)l = O(t^), and by Lemmas 16.71 and 16.31 



-(*) 



, Prfo>0] Prfe>0] , 



Finally, |c +) _(t) + c_ j + (t)| converges to zero by Lemma [6.71 which finishes the proof. 



□ 



7 Proof of main results 



Proof of Theorem \3.1[ Denote the initial distribution Po(x,k) as /i. We wish to apply the 
martingale central limit theorem. The Lindberg condition follows easily, since jumps occur at 
Poisson rate 1Z and have finite fourth moments by (II) of List 12.11 Weak convergence with 
respect to the uniform metric then follows by convergence in probability of the predictable 
quadratic variation t~ 1 (M) st to as for every s. Without loosing generality, we take s = 1 and 
show E fM [\fa 1 (M) t - a\] -> 0. 

Define Sf\ to be the event that ds x(fa^\K st \ > e) > 1 — 8. The same statement as 
in Lemma 13.41 holds for fa 3 E st replaced by fa 3 1 X st | , since £ r 2 « 2-3|ir r | when |if r | > 1. 
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Thus for some C, Pr[sffg] > 1 — C-^-f for large enough t. It will be convenient to observe 
that TZ ds x(t~*\K r \ < e ) is close to the number n r ^ of Poisson times t m such that \K t -\ < 
dh up to time r < t. This is a law of large numbers following from the difference n rj£ — 
TZ Jq ds x(t~z\K s \ < e) being a martingale with 

ft j 

^[(r l n t , e -K / ds X (r^ st | <e)) 2 ] 3 <Hft. (7.1) 
Jo 

Using conditional expectations and the triangle inequality over a telescoping sum determined 
by the Poisson times t m , m — 1, • • • ,Af t , we get the first inequality below. 



E M 



(M) t 



a 



< E„[- ^ E (XtmiXtm) [|(M) tm+1 - (M) tm - a(i m+1 - t m )|] 



m=0 



< 2*r a (l -Pr[<]])^+E M [ X (<l)^E (Xtm ^ tro) [|(M) Wl - (M) tm - a(t m+1 - U |] 



m=0 



(7.2) 



The second inequality follows by using the brute upperbound for the complement of the event 

S e ,S- 

1 Nt TV 
-^E (Xtm ^ tm) [|(M) Wl - (M) tm -<r(Wi-*m)|] < (7.3) 

m=0 

which holds since (M) r always increases at rates ranging between ri and r 2 and thus 

E (^ m ,^ tm ) [|(M) tm+1 - (M) tm - a(t rn+1 - 0|] < |r 2 - <r| V |n - a\ TT 1 < r 2 TZ-\ (7.4) 
To bound t _1 7^ _1 r 2 E[(l — x(Sfl))Nt], we apply the Cauchy-Schwarz inequality to attain 

2kn(i-Pr[sf}}) 1 2. 

In the event Sfj, by the discussion in the second paragraph of this proof, we expect that 
a fraction of at least (1 — 5) of the times t n have \K t -\ > et? . For large t, it will be easy 
to see that the terms corresponding to momentum jumps K tn — K t - = v n with \v n \ > \dh 
will be negligible, and we can assume \K tn \ > \dh . Using that the differences t n+ \ — t n are 
exponentially distributed with expectation TZ' 1 , then for (x, k) = (X tn ,K tn ), \k\ > 2~ 1 et^ 



E {Xyk) [\(M) tn+l -(M) tn -a(t n+1 -t n )\]= / drTZe' nr / da (T (a . ifc)iT (a)-r) dvj a (v)v 

Jo Jo Jr 

POO 

<r 2 \k\- x I drTZre-^ <2r 2 TZ- 1 e- 1 t-^, (7.5) 
Jo 

where r 2 = sup 0<a<1 L dv j a {v) v 2 and Tr X)k y r G -^ 1 ([0, 1]) is as defined in Lemma [5721 which has 
been applied to get the second inequality. 

Our recipe for bounding ( 17.21) is the following: 

1. Pick S so that r 2 5 <C 1, 
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2. Pick e so that r 2 (C^f)2 < 1, 

3. Pick t so that r 2 e -1 r^ < 1. 

By the observations in the second paragraph of this proof, 1 — Pr^S^j] < C-^-f, and hence 
the first term on the right side of (17.21) is small. 

Let n' e be the number of Poisson times with \K t -\ > 2~ 1 e£5 and \K tn \ < 2^ 1 et^ up to time 
t, and n" be the number of times with \K tn \ > 2~ 1 et^. 

Applying the bounds (17. 5ft and (17. Ah depending on whether or not \K tn \ > 2~ 1 e£2, then we 
get the first inequality below: 

1 M 

E »[x($$) -J2 E (x tm ,K tm) [\(M) tm+1 - (M) tm - a(t m+1 -tm)\] 

< E M [xiSij) ((n e>t + n'J TV x r 2 r 1 + n" e 2r 2 ft- 1 e - 1 H)] < r 2 S + 0(H) < 1. (7.6) 

Now we look at the expectation of the terms n £jt , n' e , and n" to reach the second inequality. 
Since n" is smaller than the total number of Poisson times Mt, ^[n"] < TZt, which makes its 
contribution in (17. 6 p 0(t~^). The number n' et is smaller than Y^LiX(\ v n\ > 2~ 1 et2") ) so for 
the distribution V a (v) of a momentum jump conditioned to occur at a torus point a G [0, 1], 
we can write 

M poo 

*~%[n' e J < f%[ Vx(kl > 2- 1 e*5)] < 2*-%^] sup / efoP» = 0(H). 

' 0<a<lJ 2 -iet2 

The decay for the above expression follows by Chebyshev's inequality and by the uniformly 
bounded second moments for V a , a e [0, 1]. To bound the t~ 1 n e j, we will finally be able to use 
the definition of the event S e> s in the second inequality below 

MxOS$)*"Vt] < KE^S?}) [ ds X (t-^\K st \ < e)] + 0(H) < K5 + 0(H). 
Finally, the first inequality follows from (17. ip . 

□ 

Proof of Theorem \4- 1\ By Lemma [4.21 t~^\K st \ obeys the equation 



ps r-a 

r?\K st \= / S(K rt )dM® + sup - / S(K rt ) dM® + £® 

JO 0<a<s Jo 



Hj> n S(^-)+H sup -J2w n S(K t -)+S® (7.7) 



0<s<l . 
n=l — — n=l 



where the error Eg vanishes in the norm E [ sup Q<s<1 \£f |] • The martingale M' r = Yln=i Wn ^(^t: 
has the same quadratic variation as the martingale of momentum jumps M r . 



[M) r = [M') r = 
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71=1 



Thus the predictable quadratic variations (M) r and (M') are also equal. 

However, by the proof of Theorem 13.11 E^t~ 1 (M) st — crsU —¥ for s G [0, 1], and thus 
M' r converges to a Brownian motion. By the same argument as at the end of the proof of 
Lemma 13.2} we have that t~^\K st \ converges to the absolute value of a Brownian motion. □ 

Proof of Main Result. It is sufficient to prove that t~^K st converges to a Brownian motion, 
since by a change of integration variable 

PSt PS 

t-*X Bt = t-*(X + / drK r ) = t~'^X + / drt~^K rt . 

Jo Jo 

Hence (t~§X st , t~iK st ) converges in distribution to (J^ dr B r , B s ) if t~^K st converges to B s . 

Recall that K t = Kq + M t + L ds ^r-(X s ). By Lemma [6.81 the first moment of 

,_i r , dv fv 

sup it 2 / dr —[X r )\ 
o<s<t Jo 

converges to zero. By Theorem 13.11 t~^M st converges to a Brownian motion with diffusion 
constant a. Hence t~^K st converges to a Brownian motion. 

□ 
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A A martingale lemma 

Below we formalize a simple lemma for a martingale M t which makes jumps at discrete times. 
For a basic introduction to martingale theory, see [3]. 

Lemma A.l. Let M t = Y^n=iX n be a right- continuous martingale adapted to a filtration 
Tt, and making jumps X n (u), u> G Tt n at discrete times according to some random counter Nt 
where t n = inf{s G M + |N<j = n}. Assume also that E[Nt] < oo for every t and thatE[X 2 } < oo 
for every n. Then 

E[Mj] < E[Nj supEfX^n < N t ] 

n 

where E[X^|n < N t ] is defined as zero for n such that Pi[n < N(i)] = 0. 
Proof. By orthogonality of martingale increments 

Nt oo oo 

E[M 2 t }=E[j^X*] =E[j2x 2 nX{n<N t )] = £ Pr[n < N t ] E[X 2 n \n < N t ] 

n=l n=l n=l 

oo 

< (^Pr[n < Nt]) supE[A^| n < N t ] < E[N t ] supE[X^|n < N t ], 

, n n 

n=l 

where the inequality is Holder's. 

□ 
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B Boundary crossing distributions 

Consider symmetric independent and identically distributed random variables X\, X 2 , ... with 
mean zero and density 

P(v)= / da^V a (v). 
Jo K 

Construct the random walk Y n = J2m=i -^m- We will refer to this as the so called "averaged 
random walk" Let L > 0. Our interest in this section is to understand the probability density 

00 

n^a, b) = Y^ Pr (^n - L = a, X n = b, Y r < L for r < n], a, b < R + . (B.l) 

n=l 

In the present appendix we use the notation Pr[-] for the induced density by the random walk, 
in its obvious meaning for continuous densities. To be clear, til describes the distribution of 
jumps in excess over point L for the random walk Y n on the first time that it passes over that 
L. 

For L = 0, we write D(v, w) = ttl=o( v ) w ) which is in fact the "successive record increment" 
distribution. Indeed, define R n = sup 0<m<n F m , the record in the positive direction for the 
random walk up to time n, and let r m be the time of the mth record. Then, the increments 
_j are i.i.d. random variables with density D(a) = J °° db D(a, b). We use this fact 
in the proof of the following proposition. In particular 



poo roo 

E[R Tm -Rr^] = / / dadbaD(a,b). 
Jo Jo 



The topic of "record distributions" has a much wider scope and has a long history in extreme 
value statistics, see e.g. [8] for some pioneering contribution. 

Lemma B.l. Assume (III) of List [Ol and (i)-(ii) of List lKR 

1. The Laplace transform ip(q) of D{y) satisfies 

C 

^ ~ l _ e -r,-q f° T q > 

2. D(v) is bounded and continuous. 

3. The following is a probability density on IR + x M + 

f™dxD(x, w) 



7Too(f, W) 



/ °° f™dxdy xD(x, y) ' 

which is positive for all v < w. 

Proof. Part (1) follows, since D(v) inherits the property (i) of List 12.21 □ 

Proposition B.2. Assume (III) of List [2~1\ and (i)-(ii) of List \2~2\ Let the random walk Y n , 
ttl(v, w), and D(v, w) be defined as above. 

In the limit of large L, we have the L 1 (IR + x IR + ) convergence 

J^dxDjx, w) 

% L {V, W) > TTootw, W) = roo roo — r 

J J Q dx dy x JJ{x, y) 
Moreover, the difference between tt^ and tt l converges exponentially and monotonically. 
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Corollary B.3. Let Y n be a random walk as above. For L > and d G M with \d\ < \L define 
S = (—d — L,L) C E, and let tt^ : l(v, w),tt^ l (v, w) be the probability densities on 
defined as 



2 

.+ X 



7r tjL (t), w) = 22 Pr [ x n = w, Y n - L = v, Y m e S for < m < n]ly n>0 . (B.2) 

n=l 

oo 

H,l(v,w) = ^Pr[ - X n = w, Y n + L + d = -v, Y m e S for m < n] l Yjl< o (B.3) 



n=l 

In the limit L — > oo, we have L X (R + x R + ) convergence 

Moreover, the convergence is uniform for \d\ < |L. 
Proof. In general, we have the identity 



ir L (v, w) = n^ )L (v, w) + dadbn^a, b) n 2 L+d+b(v, w), (B.4) 

JR+xR+ 

where n L (v, w) is the boundary increment distribution from (1B.2[) . As L — )■ oo, n L (v, w), iT2L+d+b(v, w) 
converge exponentially in L 1 (M + x M + ) to 7Too(v, w) by Proposition IB.2I By the triangle in- 
equality and rearranging (IB.4j) . 

||vr t ,L - TToolli < / dadbn±(a, b)\\7r 2 L+d+b- kl\\i< 2 P± swp\\nL> -Kooll!, 

</R+xR+ L'>L 

where where p^ = J R+xR+ dvdwTr^ t L(v, w) and p± = J R+xR+ dv dw , w). Since \d\ < |L, 

p^ 1 is bounded away from zero and the convergence holds. 

The uniformity of the convergence over \d\ < |L is implied by the monotonicity of the 
convergence from Proposition IB. 21 

□ 

Next we extend Proposition IB. 21 and Corollary IB. 31 to results about our dynamics in high 
momentum situations. We prove an analogue of Corollary IB. 31 and then prove the analogue of 
Proposition IB. 21 as a corollary. Since there is also a position variable moving on the torus, the 
crossing distributions are joint distributions on [0, 1] x M. + . We consider the so called "averaged 
random walk" 



, . f 1 , k(cl) „ . , 
P{v)= / daAr-V a {v), 
Jo K 



where k = J^daK,(a), and its boundary crossing distribution noo(v,w) obtained from the 
previous Proposition Bl gives rise to another density 

<p 00 (a,v)= dwKooiv, wj—j- — — — . (B.5) 
Jr+ J dx k{x)V x {w) 

Intuitively, 000(0, v) is an idealized joint distribution for the position on the torus and the 
over-jump for the particle upon crossing the border of some domain S C [0, 1] x M + . 0oo(a, v) 
provides a good approximation for such a distribution at high energy where the momentum 
behaves nearly as the averaged random walk. 

The following lemma is similar to Part (1) of Lemma (IB.lj) . 
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Lemma B.4. Assume (i) of List\KM Let S cK be an open interval with boundaries L\ < L 2 
not both unbounded. If the particle begins at some point (x, k) with k G S, then define 

00 

7T t («) = ^Pr[K tn -L 2 = v>0, K tm eS forO<m<n]l Ktn > s , 

n=l 

00 

H (v) = Pr [K tn — Li = —v < 0, K tm G S for < m < ^K tn < 



s- 

n=l 

There exists a universal upper bound J such that for all L%, L 2 and (x, k) 

f R+ dv7r t (v)v 2 f R+ dvn^vjv 2 < 
f R+ dvn^v) ' f^dvn^v) 

when f R+ dv7r^(v), f R+ dv iii(v) ^ 0. More generally, the Laplace transforms cp^ } <p± have 

C 

Let P(vi, ■ ■ ■ ,v n ) be the joint probability distribution for the increments Vj = K tj — K^_ x 
where tj is the time of the jth momentum jump. 

Lemma B.5. Let us make assumptions (i)-(ii) from List \2. 6 2[ Fix 0, 7 > 0. Let the dynamics 
begin at a point (x, k) and vi, . . . ,v n G [— 2t 7 , 2t 7 ] be such that \k + Y17=o v A — \^ f or a ^ 
< m < n. Then 

P(t>i, ■ • • ,v n ) 



P(v 1 )--'P{v r . 



1 



< cn 



where c = 8V/x. 

Proof. We start with the one-jump case. The only difference between Lemma fB.SI and Lemma I5T21 
is that here the increment v is the sum of the first momentum kick and the drift up to the time 
of the kick. 

Let (x s ,k s ) be on the trajectory determined by the Hamiltonian H(x,k) = |/c 2 + V(x) 
starting from (x, k) G [0,1] x R. For fixed starting point (x, k), A s = k s — k = A(x s ) is 
function of x s . For the one-jump case, we can use the density rt X)k \ G -^ 1 ([0, 1]) from the proof 
of Lemma 15. 2[ to write 

P(v)= dar {X)k) (a)V a (v - A(a)) 
Jo 

Define the density P'(v) = f da ^^-V a (y — A(a)). Following the same line of reasoning 
as (15.61) in Lemma IST2"} 

„ eR P (V) „ eK P (V) J K 

R If 1 K,(a) 

< sup \r(x,k)(a)—- - II^tt— / da— -V a (v - A(a)) = sup 

0<a<l K{a) r [VJ J K ag [ 01 

Since, \k\ > then by Part (2) of Lemma I5T21 



[0,1] ' «i a ' 



K 



sup |r (x . fc) (a)— — - 11 < v~ 2 4Kr $ + 0{t~ 2 ^ 



ae[0,l] 



k a 
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Moreover, 
P'(v) 



P(v) 



1 < ^ 



P(v) 



da 



K[a) 



K 



\V a {v-A{a))-V a {v)\ 



JL f 1 da^-\A(a)\ I' ds^(v + sA(a)) 
P(v)Jo R ' V n Jo dv V y !) 



< 



H 41/(1 + \v\)t 



-fi r 1 



da 



k(o) 



K 



V a {v)=fi4V(l + \v\)t- f> (B.6) 



For the second inequality we have used Lemma [5JJ to get sup 0<s<1 |A(a)| < AVt' 13 . In partic- 
ular, | A(a) | < 1 allows us to use (ii) of List IO to bound |^ (u + sA(o))| by fi(l + \v\)V a {v). 
Since l + |f| < 1 + 2 t 7 < 4t 7 for large enough t, we have 



,P» 
sup — 

vm P(v) 



- 1 < 16V fif- 



P(v) 



P(v) 



< 



P(v) 



P'M 



P'(v) 



+ 



P(v) P(v) 



P'M 



< (16V fif- p ) {l + ATZv- 2 t- p + 0(r 2/3 )) 



+ 4KV-H- 13 + 0(r 2/3 ) < 20V A /it 7 - /3 = ct 7 "^ (B.7) 



where the last inequality is for t large enough and c = 20V/J, . 
To extend to arbitrary n 



P(fi,...,f m ) P(i>i, . . . ,i> m -i) 



P{v x )...P{v n 
Moreover, we can write the summand as 

P(«i, ...,v m ) 



\\P{v 1 )...P{v m ) P{v x )...P{v m „ x ] 



(B.8) 



m— 1 



P(vi, . . .,V m -i) P{v m ) 



1 n 



P(ui, . . . ,U P ) 



J P(t>l,...,tv-1)-P(1v) 



The ratio's appearing in the above expression can be written in terms of an expectation: 



P(vt, ...,v m ) 



P(v h . . . , v m -i) P{v r , 



E 



P(Xt ,,K t i)(Vm) 



P(Vr, 



K tr - K tr _ x = v r for r < m 



(B.9) 



where P(x t _ lt K t _ )( v m) is the one jump distribution starting from (x,k) = (X tm _ i; K tm ^). 
The right side of (IB.9P is thus an average of the one-jump case over different starting points 
(x, k) = (X tm _ 1 , -ft't m _ 1 ) and thus we can apply the n — 1 case. 
We thus conclude 



PQl, ...,V n ) 

P(v 1 )...P(v n [ 



- 1 



<cn t 7 ^ ( 1 + c t 7 "T < c n t 7 "^ e 



/8 C cn€t-P 



□ 



For notational convenience, we will take the initial point (x, k) to have positive momentum 
k > for the propositions and lemmas below. 
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Proposition B.6. Assume (i)-(ii) from List [HE Let (X S ,K S ) evolve from an initial point 
(x, k) with k>t?. Define S = {y e R\ k - t 7 - d < y < k + t 7 } for < 7 < \fi and \d\ < \P , 
and the densities 

00 

ir u (v, w) = Pr t^ - K U-i = w, K tn - k - f = v > 0, K tm e S V(m < n)]l Ktn>s 

n=l 
00 

n, t (v,w) = ^PT[K tn -K tn _ 1 =w,K tn -k + V + d=-v<0,K tm eSV(m<n)]l Ktn <s 

n=l 

In the limit t — > 00, there is L 1 (R + x M + ) convergence 

where p^ and p± are the exit probabilities for the averaged random walk, and the convergence is 
uniform for all \d\ < |t 7 . 

Proof. Define the sets 

n m 

S n (p, w) = {(vi, . . . ,v n ) G M. n \v n = w, p = k + v r ^ S, k + yj^r G S for m < n}. 

r=l r=l 

and define S' n (p, w) so that S' n (p, w) = S n (p, w) (~) {\v rn \ < 2t 7 for m < n} when n < [t 3 " 1 ] and 
S' n (p, w) = when n > [t 37 J . 

Then 7T^t(v, w),7r^ jt (f, w) satisfy 

00 „ 

7r tit (p - k - t 7 , 10) + iT^ t (k - t 7 - d-p, w) = ^2 / dt)i---dt) n P(fa,...,t) n ) (B.10) 

n=1 J S n (p,w) 

where P(t>i, • ■ ■ , f n ) are the joint densities from Lemma [B. 51 The sum of tt^ t and 7T^ t forms a 
probability measure, since, by an analogous argument as in the proof of Lemma 16.11 the exit 
time for S is almost surely finite (and has expectation oc t 2/3 ). We will argue that the right 
side is close in L 1 (M + x M + ) as a function of (p, w) to the same expression with P(t>i, . . . ,v n ) 
replaced by P(vi) ■ ■ ■ P{y n ): 

00 „ 

7rj°](p — k — t 1 , w) + vrj°](A; — t 7 — d — p, w) = / dv\ ■ ■ ■ dv n -P(fi) ■ ■ ■ P(v n ). 

n=l J Sn(p,V>) 

This expression corresponds to the averaged random walk. We can then apply Lemma IB. 31 for 
an ordinary random walk to get the convergence of 7rj°] and 7rj°] to p^oo and p\TToo- 

By definition of S n (p, w), S' n (p, w), K + Y^=i v m > \^ for all < m < n. First, notice 
that by Lemma IB. 5 1 



00 „ 

^ / dv 1 ---dv n P(v 1 )---P(v n ] 

n=l J s 'n(P> w ) 



P(Vi,---,V n ) 



<Y^ I dv l ---dv n P{v 1 )---P{v n )cnf 1 -^e cntl ~ fi (B.ll) 
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The x M + ) norm of the right-side of (IB. Ill) (by integrating over p, w) is bounded by 

K[q (No A £ 3t ) e q (-^a* 37 )] | _ c<7 _^, where Nq is the number of steps that a random walk with 

jumps having density cj~ P(v)l\ v \<tv, for normalization constant c t , takes to leave S starting 
from k. The right-side of (IB. Ill) vanishes as 

E[q (N A t 37 ) e ^ N ° M ^} \ q=ctl _, < ct A ^ ^ ct 4 ^. 

Now we need to show that not much probability was lost by replacing S n (p, w) with 
S' n (p, w). Since both + ir^ t and 7rj°] + 7rj°) are probability measures, it is enough to 
show that the probability of the event {\v m \ > 2f for some m < N or N > t 37 } is small for 
the random walk. First, note that the expected number of steps N to leave S for the averaged 
random walk will be smaller than the expected number of the steps No for the capped random 
walk. 

Pr[iV > t 37 ] < Pr[iV > t 37 ] and E[N] < E[N ). 

This follows since the first jump of size greater than t 2 " 7 will immediately leave S, and the 
corresponding capped trajectory may have to continue on for more steps before leaving S. 

Now we argue that E[N ] = 0(t 21 ). Let us set k = 0. Define the stopping time N 0t r — 
No A T. Reasoning as in the proof of Lemma I6.1| then 

3E[iV ,r] = r X E[ <] = C^[{vi + ■■■ + ^ , r ) 2 ] < C\W + df < I6C-V 7 , 

n=l 

where the expectations are with respect to the statistics for the capped random walk, and 

£> = c t X f\ v \<tf dv H v ) v 2 - 

In the second equality, we used that v\ + • • • + Vn qt is either inside [— t 7 — d, t 7 ] when 
T < N or has jumped out this interval with a jump smaller than t 27 . The bound on the right 
is independent of T, so 

E[N ] = limsupE[A^ 0iT ] < 16 (~H 2 i. 

By Chebyshev's inequality 

Pr[iV > t 37 ] < r 37 E[iV ] < 16 C" 1 *" 7 — ► 0. 

We still need to show that Pr [\v n \ > 2t 7 for some n < N~\ is small. 

Pr [|v n | > 2t 7 for some n < N] <E[N] Pr [\v n \ > f] . 

By our remarks above E[iV] < E[A^ ] = 0(t 27 ). Using Chebyshev's inequality, and the bound 
on the fourth moment of a single momentum jump by p, 

t 47 Pr [k| >t 27 ] <E[v$\ <p. 

Putting the above inequalities together 

Pr [K| > t 7 , for some n < N] < E[N) Pr [\v n \ > £ 7 ] < 16 pCH^. 

Hence the event that the last jump v n 

We have shown that ir^t, ir±,t converge to tToq in L 1 (M + x M + ) at t — > 00. The convergence 
of 7r^ t t and 7i^ )t to ^oo,t is uniform over \d\ < |t 7 by the uniformity in Lemma [B.3I and by the 
uniformity in the bounds above. 

□ 
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Proposition B.7. Assume (i)-(ii) from List [HE Let (X S ,K S ) evolve from an initial point 
(x, k) with k > t p . Define S = {y G R\ k - t 7 - d < y < k + t 7 } for < 7 < \p, and the 
densities 

00 

<h,t(a,v) = ^Pr[X tn = a, K u - k -f = v > 0, K tm e S for < m < n)l Ktn >s, 

n=l 

00 

<f>±, t (a,v) = ^Pr[X tn = a, K tn - k + t~< + d = -v < 0, for K tm e S < m < n]l Ktn<s . 



n=l 



In the limit t — > oo, there is ^ 1 ([0, 1] x M + ) convergence 

h,t — > Pt<Poo{a, v), 04., t — > Pi<f)oo{a, v), 

where p^ and p± are probabilities that the averaged random walk exits above or below S respec- 
tively. 

Moreover, the convergence is uniform for \d\ < |t 7 . 

Proof. Define the joint density $4-^(0, v, w) for the position a, increment v for the over-jump 
of the boundary of S, and the size of the jump w which exits above S: 

00 

$ t)t (a, v, w) = ^Pr[X tn = a, K tn = w, K^-k-f = v>0, K tm e 3 for < m < n]l Ktn>8 . 

n=l 

The definition for $4,4(0, v, w) is analogous. Let primed densities be normalized (e.g. $^ t = 
pi an d 7r| t = p^]n^ )t , where p^ )t is the probability of leaving S from the top). We will 
show that $^ t converges in L 1 to 

*<2±-p ( w ) 

$oo(a,u,w) = TTooK w) g /; ; . (B.12) 

P{w) 

Since <p^ t (a, v) = J R+ dw^ t t(cL, v, w), and p^ )t converges to the probability that the random 
walk exits in the up direction by Proposition IB.6| this would prove the result. In particular, 
since \d\ < |t 7 neither of the probabilities Poo(t> ^) or Poo (I, t) will be close to zero. Also by the 
proof of IB.6[ the probability that the final momentum increment w = K tN — K tN1 is greater 
than 2t 7 , where t^ is the time of the last momentum jump leaving S and tjv-i is the time 
of previous momentum jump, decays as 0{t~ 21 ). This is true also for the random walk case. 
|| ( ^ ) ooX( u ' > 2t 7 )||i and || t x(w > 2t 7 )||i thus vanish for large t. 

Define \\g\\f^ = \\gx{ w < 2t 7 , v < w)\\\. We placed the constraint v < w in the indicator so 
that by Part (3) of Lemma IB. 11 ■n' 00 {v 1 w) is strictly positive and, in particular, we can divide 
by it. 71* t (v, w) is also strictly positive for v < w < 2t 7 , since there is a non-zero density for 
jumping from k to k + V — w + v in one jump and then to k + t 1 + v on a second jump. 

We now focus on showing that ||$oo — ^t.tlli tends to zero. 



ir^ t {v, w) 



Pr [X tN = a\K tN = t? + t 7 + v, K tN - K tpf _ 1 = w, X tjv _J , (B.13) 
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Jq 1 da $i. t (a, u, w). We may write the conditional probability density in the 
expectation above as 



since Tf+ t [v, w 



Pr [X tN =a\K tN =t f) + t' r + v, K tN - K tN _ x = w, X 4jv _J 

_ ^a(w- A(g))f(x tjV _ 1 ,^ jV _ 1 )(a) 



(B.14) 



A(a) is a drift term which was defined in Lemma lB.51 P( x ,k){w) are defined as in the proof 
of Lemma IB.5I as the difference in momentum (sum of one momentum jump plus some drift) 
between a starting time with state (x,k) and next time jump time. f( x ^(a) a defined as in 
Lemma [5.21 as the distribution for the position of the particle at the next momentum jump. 

Analogously to \\g\\i define the semi-norm ||<?||oo = ||<?x(IH <2t y ,v< w)||oo- 

Putting together (!El5ll - (pJ7jl . 



_1||(0<E 



sup 

w>2fi,a 



K 



P(w) 



K 



< sup [f( x , y )(a) — 

y>tP,a,x K \ a 



■] E 



P(w) 



< a ) F (X tN _ 1 ,K tN _ 1 )(w) 



E 



sup 

a 



r (Xt N _ 1 ,Kt N _ 1 ) 



K 



a 



1 



K{a) 
-2 -a _ n m-2/3 



< (i + 4^z/- 2 t-' 3 + o(r 2/3 )) (2 C r- /3 ) + 4^z/- 2 t~ /3 + 0(r 2/y ) = 0(t 

where in the strict inequality we have used Part (2) Lemma [5.21 and Lemma IB. 51 



sup r {x , k) {a) — 

0<a<l K{a) 



1 < STZu'H 



2,-/3 



, sup — = 

WER+ P(w) 



l| < 2ct 7 " /3 , for \k\ > ~t p 
I - > i i - 2 



(where we doubled the constant factor in front of the higher order term to get ride of the lower), 
and we used that |t — 1| < 2 b for b in a small neighborhood around one. 

71-' 

By adding and subtracting by $^ t -^f^, and the triangle inequality 



t,oolll 



< 



tt: 



7T. 



t, oo 



7T. 



t, oo 



(*) 



+ 



t.oolU 













tl 00 






4,* 





t,oo 

(*) 



(t) 



+ 114* ~~ A 



t.oolU 



7T. 



(t) 



tt: 



t, colli 



1 and so with the analysis above the left term on the second line tends to zero. For 



the right term, ||7ri t 



71 



t, oo 



1 1 vanishes by Proposition IB. 61 and 



plus a small number by the analysis above. 



•t,t 



is bounded by 



(t) 



□ 



Proposition lB.8l states the same results as in Proposition lB.7l when there is some conditioning 
on the future of the particle's trajectories. For a particle starting with momentum in (t" , 2t"), 
let 9±, and r be the first times the the particle has a momentum landing above 2t@, below 
—2 t 13 and below t 13 respectively. By the same argument as in Lemma 16. H 9^ A Q± has finite 
expectation. 
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Proposition B.8. Assume (i) -(H) from List \ 2. Si , Consider the dynamics conditioned to have 
momentum jumps bounded by 1 2 . Let (X s , K s ) evolve from an initial point (2, k) with — 1 2 < 
k < LetS = {y e R | fc - t 7 < y < fc + t 7 } /or < 7 < 

T/ie boundary crossing densities V't.t; VlM / or trajectories that are conditioned so that r < 
#f < #4., /iai>e -^ 1 ([0, 1] x IR + ) convergence 

^t,i ► 7^°o, V^t ► ^0oo- 

T/ie convergence is uniform for the allowed range of k. The same statements hold for ^)-\,t> 
VlM f or trajectories which are conditioned so that 9± < 9^. 

Proof. Define the joint density $-|- it (a, v, w) for the position a, increment v for the over-jump 
of the boundary of S, and the size of the jump w which exits above S: 

00 

$ t)t (a, v,w) = J2 F A x t n = a> K tn = w, K u -k-f = v>0, K tm e 3 for < m < n]l Ktn>3 . 

n=l 

The definition for $^ >t (a, v, w) is analogous. Let primed densities be normalized (e.g. $^ t = 
p^ an d ff\ )t — P^} n t,t, where p^ :t is the probability of leaving S from the top). We will 
show that $i t converges in L 1 to 

$00(0, v,w) = n^v, w) K a . (B.15) 

P{w) 

Since <pL t (a,v) = J R+ dw^ t t(cL, v, w), and p^ )t converges to the probability that the random 
walk exits in the up direction by Proposition IB.6| this would prove the result. In particular, 
since \d\ < |t 7 neither of the probabilities Poo(t> t) or Poo (4, t) will be close to zero. Also by the 
proof of IB.6t the probability that the final momentum increment w = K tN — K tN _ 1 is greater 
than 2t 7 , where t^ is the time of the last momentum jump leaving S and ijv-i is the time 
of previous momentum jump, decays as <3(i -27 ). This is true also for the random walk case. 
\\®ooX( w > 2t 7 )||i and ||^ )t x(w > 2t 7 )||i thus vanish for large t. 

Define \\g\\i^ = \\gxi w < 2t 7 , v < w)\\i. We placed the constraint v < w in the indicator so 
that by Part (3) of Lemma [B.l\ ir'^Vjw) is strictly positive and, in particular, we can divide 
by it. nL. t (v, w) is also strictly positive for v < w < 2t 7 , since there is a non-zero density for 
jumping from k to k + t 7 — w + v in one jump and then to k + t 7 + v on a second jump. 

We now focus on showing that \\$oo — ^t.flli tends to zero. 



ir[ it {v, w) 



Pr [X tN = a\K tN = + t 7 + v, K tN - K tN ^ = w, X tjv _J , (B.16) 



since ni. t (v, w) = da<&'^ t (a, v, w). We may write the conditional probability density in the 
expectation above as 



Pr [X tN = a \K tN =t p + t^ + v, K tN - = w, X tw _J 

V a {w - A(a)) f (Jftjv _ i)K% _ i) (a) 
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A(a) is a drift term which was defined in Lemma [B.5L Pr X) ty(w) are defined as in the proof 
of Lemma IB. 51 as the difference in momentum (sum of one momentum jump plus some drift) 
between a starting time with state (x,k) and next time jump time. r^ x ^(a) a defined as in 
Lemma [5.21 as the distribution for the position of the particle at the next momentum jump. 
Analogously to \\g\\x define the semi-norm \\g\\x = ||<7x(IH — 2^ 7 , v < w)||oo- 



Putting together flRl%(lR17j) 



7l' u $00 



sup 

w>2t"i,a 



H 



P{w) 



k(o) P 



(Xt N _ 1 ,Kt N _ 1 ) 



W 



< sup [r( x , y) {aj — 



■] E 



P(w) 

{Xt N _ 1 ,K tN _ 1 ) 



W 



+ E 



sup 



r (Xt N _ 1 ,K tN _ 1 )( 



K(a) 



< (1 + 4iiis-H-P + o(r 2P )) (2d?-P) + Miv-H-v + o(r 2 ^) = o{t^) 

where in the strict inequality we have used Part (2) Lemma [5.21 and Lemma IB. 51 



sup r {x , k) {a) — 

0<a<l K[CL) 



l| < %TLv~ 2 r^ sup 

w&R+ 



^-1| <2cf- f> , for \k\ > V 
P(w) 1 " ' ' " 2 



(x,k) 



(where we doubled the constant factor in front of the higher order term to get ride of the lower), 
and we used that |^ — 1| < 2 b for b in a small neighborhood around one. 

By adding and subtracting by $1 



■ ^t^r 22 -, and the triangle inequality 



■t,i 



t, colli 



< 



t.t 



tt: 



7T. 



t. 00 \ 

1 Ft, oc 

t,oo 



+ 



t.t 



tt: 



^t, t ^t, 00 



< ||7rl 



t, 00 I 





t, 00 


4,* 


t, 00 



7T. 



t, 00 I 



7T. 



t.t 



(f) 



TT. 



t, colli 



1 and so with the analysis above the left term on the second line tends to zero. For 



the right term, ||7ri t — 7ri vanishes by Proposition IB. 61 and 
plus a small number by the analysis above. 



(t) 



is bounded by 



(*) 



□ 



In the next corollary, like Proposition IB.2| there is only one boundary. However, we place 
an optional time constraint gt, g e (0, 00] here on the amount of time the particle is allowed 
to have before reaching the boundary. 



Corollary B.9. Assume (i)-(ii) from List \2.S\ Let (X S ,K S ) evolve according to the dynamics 
from some initial point (x, k) for 2t" < k < At 13 , \ < ft < \- Define the density 



Jt(a, v) = J2 Pr ( X *n =a,t f> -K tn =v> 0, K tm > t p for < m < n, t n < gt]. 



n=l 



In the limit t — > 00, 

4>t(a, v) -> 0oo(a, v). 
The convergence is uniform over all starting points (x, k) . 
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Proof. First, we will argue that the probability p t = \\4>t\\i that the particle jumps below t& in 
the interval [0, gt] approaches one as t — > oo for g G R + . 



Pt 



Pr 



inf t~* K r > t p ~^ 

Q<r<Qt 



> Pr 



0<r<gt 



dV 



tP-h+rh+ sup It - * / ds — pQl < sup -r^M r , (B.18 



0<r<£>t 



since JC r = k + M r + f ds ^-(X s ). By Chebyshev's inequality and that k <At@. 



Pr 



' 2 + t 2 A; + sup 1 1 2 

O<r<0t 



< e" 2 E 



> e 



sup 

0<r<£i 



(B.19) 



The right-side converges to zero by Lemma 15.31 an d thus the probability that the supremum 
of the drift is greater than any finite e\ tends to zero. 

By (13. ip . t~zM st , s G [0, 1] converges to a Brownian motion B s . Since the supremum over 
an interval [0, 1] is a uniformly continuous functional on elements L°°[0, 1], sup 0<s<si —t~^M st 
converges in distribution to sup 0<g<1 — B s . In the large t limit, 

Pr[ sup -r^M st > 2e] — > Pr[ sup -B s > 2e]. 

0<s<gt 0<s<g 

Thus we can pick e so that Pr[sup 0<s<1 — B s > 2e] is close to one, and then pick t so that both 

Pr[sup 0<s<(?t — t~^M st > 2e] is close to Pr[sup 0<s<e — B s > 2e] and (1B.19j) is close to zero. By 
the inclusion exclusion principle 

p t >l-2Pr[sup -r^M st > 2e] A Pr tP'* + t~?k + sup |t~* / ds — (X s )\ > e 



0<s<gt 



0<r<gt 



dx 



and so pt can be made arbitrarily close to 1. 

Now we continue with showing L 1 convergence of 4>t to (poo. Since (1 — ||0t||) is negligible, it 
is sufficient to show <p t — > (1 — 1 1 1 1 ) 0oo ■ Let 7 < We construct a sequence of hitting times 

aj = min{s G [0, 00) | s > K s < t 13 + t 7 }, 
9j = min{s G [0, 00) | s > a h K s >t p + 2f<}. 

where we set 9q = 0. Let N' be the number of cr^'s in the interval [0, gt] before the first time 
1 7v that Kt N jumps below t 13 . The process will usually have its first jump below from a point 
with momentum in the interval [t@, t 13 + if 7 ]. In other words, Pr [|i^ 4jv i | > t 7 ] is small. If, as 
defined in Lemma TB .41 7r^(v) is the distribution for the over-jump for the lower boundary of the 
set S = [t 13 + t 7 , 00) starting from some point in S, then by Lemma fB.41 f R+ dv vr^(t>) v 2 < J. 
By Chebyshev's inequality 

Pr[|^ iV _ 1 |>t /3 + V] < / dv n {v) X {\v\>\v)< J -r 2 \ 
* Jr+ 1 4 
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The above comments allow us to write the following 



oo _ 

(fH-^[^2x{N = j;K aj -t p > -f) 



Ax**,***) ■ 



AX a .,K„.) 

p(X aj , K a . 



<Pr [\K tlf _ 1 \>f f ] <Jt\ 



where 0^ p' ° d is the lower boundary crossing distribution as in Proposition IB. 71 starting from 

the point (X aj , K aj ), and J dadv(j)\ " 3 \a, v) = p(X a ., K aj ) is the probability of exiting 
the domain [t&, t@ + 2t 7 ) at the lower boundary. The difference d between the distance to the 
upper and lower boundaries 2t@ and t 13 + t 2 " 1 respectively is d = 2(t@ + t 1 — K a .). 



AX* K ) 

2" > p(X c .,K a . 



Pt^c 



< 



sup 



n=l 



y-t B >\t~t,a 



p(a, y) 



< sup 

! y-f>|i 7 ,a 



da,y) 
9 l,t 



p(a, y) 



By Proposition IB. 71 p(a. y), y > t 13 + |t 7 converge uniformly to the the probabilities p± for the 
averaged random walk to exit in down direction, p^ are bounded away from zero, since the 
ratio of the distance to the lower boundary to the upper boundary is less than or equal to 3. 
Moreover, by Proposition IB. 91 d^'^ converges uniformly to p^oo- 



□ 
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